Institut für Integrierte Systeme Integrated Systems Laboratory

High-Performance Adder Circuit Generators

in Parameterized Structural VHDL

Hanspeter Kunz and Reto Zimmermann

Technical Report No. 96/7 August 1996

Abstract

In ASIC design, arithmetic components are usually selected from tooland technology-dependent libraries providing very limited fiexibility and choice of circuit structures. With the possibility of parameterized structural circuit descriptions at the gate-level in VHDL, versatile circuit generators can be implemented which are highly independent of tool platforms and design technologies. This enables the realization of a universal and comprehensive library of efffcient arithmetic components in form of a collection of synthesizable VHDL code entities. In a ffrst step, high-performance adder generators were implemented using this method. Additionally, valuable experience was gained with respect to the implementation of circuit generators using parameterized structural VHDL.

This work was funded by MICROSWISS (Microelectronics Program of the Swiss Government).

Abstract

In ASIC design, arithmetic components are usually selected from tool- and technologydependent libraries providing very limited fiexibility and choice of circuit structures. With the possibility of parameterized structural circuit descriptions at the gate-level in VHDL, versatile circuit generators can be implemented which are highly independent of tool platforms and design technologies. This enables the realization of a universal and comprehensive library of efffcient arithmetic components in form of a collection of synthesizable VHDL code entities. In a ffrst step, high-performance adder generators were implemented using this method. Additionally, valuable experience was gained with respect to the implementation of circuit generators using parameterized structural VHDL.

1 Introduction

Typical data-processing ASICs implement algorithms involving arithmetic computations. One possibility to describe such arithmetic computations at a high level of abstraction is the usage of behavioral VHDL. At this level the addition of two binary numbers A and B is simply written as S </ A ⇁ B, During synthesis this abstract description is translated ↼or mapped↽ to the structural or gate level▷ This is done automatically leaving only very limited control to the designer▷ At the same time this mapping determines the performance characteristics of the generated circuit such as speed area requirements and power dissipa tion▷ In particular the mapping from the behavioral to the structural level includes the decision for a particular circuit architecture which greatly inβuences the proper ties mentioned above▷ Put differently the performance of the αnal circuit is determined by the quality of the algorithms used for structural synthesis which in turn depends on the libraries and design tools used▷ A viable alternative is the direct implementation of a circuit at the structural level using schematic entry or structural VHDL▷ This holds true especially when efαcient circuit structures that satisfy ones special re quirements are known▷ Despite the great progress in the development of algorithms for logic optimization the potential of these universal techniques is limited to the optimization of random logic and to rather local opti mizations within complex and already highly factorized networks▷ On the other hand efαcient arithmetic cir cuits base on optimized structures with a high degree of factorization which are obtained by specialized circuit generators rather than generic optimization algorithms▷ This in turn makes an initial design of arithmetic net works at the structural level necessary yielding circuits with higher performance at the expense of an increased design effort▷ The simplest way to design a circuit with a dedicated architecture is to describe its netlist by way of schematic or textual entry▷ Such a netlist however is neither scal able nor easy to reuse modify and maintain▷ Further more it lacks portability among different cell libraries as well as design tools▷ A better approach is to describe the circuit in struc tural VHDL▷ Structural VHDL is independent of devel opment environments and libraries or in other words it is portable▷ In structural VHDL as opposed to behav ioral VHDL netlist generators can be described imple menting circuits having a dedicated architecture▷ Fur thermore this can be done in a parameterized and thus scalable form▷ Therefore a comprehensive library of βexible arithmetic components in synthesizable VHDL code would be of interest▷ ASIC design productivity can be increased considerably by relying on such a library of sophisticated and proven arithmetic components ready for synthesis▷ One of the most often used and basic arithmetic oper ations is the addition of two binary numbers▷ As SKLAN SKY said in 1960 ♭1♯. At the present state of the computer art adders are essential not only for addition but also for subtraction multiplication and divi sion▷ ♭. . . ♯ Addition logic is thus of obvious importance and has received quite a bit of attention▷ This statement is still valid▷ Efαcient implementation of adder circuits has been investigated over a long period of time and by many people▷ As a result there exists a large number of different circuit architectures with different performance characteristics▷ Two particular adder architectures described in the se quel were implemented in a scalable form in structural VHDL▷ The two major goals were to investigate the suitability of structural VHDL for the description of pa rameterized arithmetic components on one hand and the realization of an arithmetic library of adder components on the other hand▷ This report is organized as follows▷ Section 2 de scribes the implemented adder structures▷ Section 3 in troduces some basics regarding the description and gen eration of logic netlists in structural VHDL▷ Section 4 reports the two different approaches taken for implemen tation of the chosen adder structures in structural VHDL▷ In the remaining sections results and experiences are summarized with outlook towards the development of a comprehensive library of arithmetic components▷

2 Adder Structures The basic theory and the practical implementation of parallelpreαx addition are discussed now▷ More theo retical background can be found in ♭2♯♭3♯♭4♯♭5♯♭6♯▷ 2▷1 ParallelPreαx Addition. Theory Some combinational circuits can be described in terms of parallelpreαx logic▷ Carrypropagation in binary addition is a preαx problem ♭6♯▷ A parallelpreαx logic combines n inputs x_{n−∞}, x_{n−∈}, . . . , x0 ↼1↽ using an arbitrary associative operator ∘ ⊔≀ n outputs y0 = x0 y1 = x1∘ y0 = x1∘ x0 ▷ ▷ y_{n−∞} = x_{n−∞} ∘ y_{n−∈} = x_{n−∞} ∘ x_{n−∈} ∘ . . . ∘ x0 ↼2↽ so that output y_i depends only on inputs x_{j≤i}▷ The addition of two nbit binary numbers A = a_{n−∞}a_{n−∈} · · · a0 and B = b_{n−∞}b_{n−∈} · · · b0 and an in put carry c_{in} can be formulated as c0 = c_{in} c_{i+1} = a_ib_i + (a_i + b_i↽ c_i

s_i = a_i ⊕ b_i ⊕ c_i c_{out} = c_n ↼3↽ i = 0, . . . , n − ∞⇔ †⟩⌉↕⌈⟩\} ⊔⟨⌉ ∫⊓⇕ S = s_{n−∞}s_{n−∈} · · · s0 and the carries c_i as intermediate signals▷ The key of fast addition is the fast calculation of the carries c i▷ Alternatively they can be expressed accord ing to c_{i+1} = g_i + p_ic_i ↼4↽ with the generate signal g_i = { a_ib_i if 1 ≤ i < n a0b0+ a0c0+ b0c0 if i = 0 (5) and the propagate signal p_i = a_i ⊕ b_i ↼6↽

stages▷eps 63 × ▽∃ ⇕⇕

√∇⌉√∇≀⌋⌉∫∫⟩\}

√⊣∇⊣↕↕⌉↕↖√∇⌉⊘§ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\

√≀∫⊔√∇≀⌋⌉∫∫⟩\}

a_n�1 a0

g_n�1 g0 b_n�1 b0

p0 p_n�1 c_{in}

s_n�1 s1s0 c_{out} p1 p0 p_n�1 c0 c1 c_n c_n�1

Figure 1: The three stages of a parallel-pre�x addition.

By recursive substitution the ith carry can be calculated as c_{i+1} = g_i + i−∞∑ j=0 i∏ k=j+1 p_k g_j + (_i ∏ k=0 p_k ) c0 ↼7↽

and αnally the sum bits as s_i = p_i ⊕ c_i ↼8↽ By deαning the operation ∘ ≀\ ≀∇⌈⌉∇⌉⌈ ⌊⟩⊔ √⊣⟩∇∫ (g, p) (g_i, p_i) ∘ (g_j , p_j ) = (g_i + p_ig_j , p_ip_j ) (9)

the equation (7) can be written as (c_i+1, p0· · · p_i) = (g_i, p_i) ∘ · · · ∘ (g0, p0) (10) Thus, the carries c_i can be calculated using a preαx algorithm where ∘ ⟩∫ ⌈⌉⊘\⌉⌈ ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⌉∐⊓⊣⊔⟩≀\ ∃↙ N≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ∘ ≀√⌉∇⊣⊔≀∇ ⟩∫ ⊣∫∫≀⌋⟩⊣⊔⟩⊑⌉ ⌊⊓⊔ \≀⊔ ⌋≀⇕↖ ⇕⊓⊔⊣⊔⟩⊑⌉↙ ∈↙∈ P⊣∇⊣↕↕⌉↕↖P∇⌉⊘§ A⌈⌈⟩⊔⟩≀\¬ I⇕√↕⌉⇕⌉\↖ ⊔⊣⊔⟩≀\ I\ √∇⊣⌋⊔⟩⌋⌉ √⊣∇⊣↕↕⌉↕↖√∇⌉⊘§ ⊣⌈⌈⟩⊔⟩≀\ ⟩∫ ⌋⊣∇∇⟩⌉⌈ ≀⊓⊔ ⟩\ ⊔⟨∇⌉⌉ ⌋≀\∫⌉⌋⊓⊔⟩⊑⌉ ∫⊔⌉√∫¬ ⊔⟨⌉ √∇⌉√∇≀⌋⌉∫∫⟩\}⇔ ⊔⟨⌉ √⊣∇⊣↕↕⌉↕↖√∇⌉⊘§ ⌋⊣∇∇† ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ⊣\⌈ ⊔⟨⌉ √≀∫⊔√∇≀⌋⌉∫∫⟩\} ∫⊔⊣}⌉ ⇐∫⌉⌉ F⟩}↙ ∞⇒↙ T⟨⌉ √∇⌉√∇≀⌋⌉∫∫⟩\} ∫⊔⊣}⌉ ⟩⇕√↕⌉⇕⌉\⊔∫ ⊔⟨⌉ ⌉∐⊓⊣↖ ⊔⟩≀\∫ ⇐▽⇒ ⊣\⌈ ⇐⇏⇔ ⊒⟨⟩↕⌉ ⊔⟨⌉ √≀∫⊔√∇≀⌋⌉∫∫⟩\} ∫⊔⊣}⌉ ∇⌉⊣↕⟩‡⌉∫ ⌉∐⊓⊣⊔⟩≀\ ⇐∀⇒↙ W⌉ ⊒⟩↕↕ ⌈⟩∫⌋⊓∫∫ ⊔⟨⌉∫⌉ ⊔⊒≀ ∫⟩⇕√↕⌉ ∫⊔⊣}⌉∫ ↕⊣⊔⌉∇ ⊣\⌈ {≀⌋⊓∫ \≀⊒ ≀\ ⊔⟨⌉ √⊣∇⊣↕↕⌉↕↖√∇⌉⊘§ ⌋⊣∇∇† ⌋≀⇕√⊓↖ ⊔⊣⊔⟩≀\↙ P⌉∇{≀∇⇕⟩\} ⊔⟨⌉ √⊣∇⊣↕↕⌉↕↖√∇⌉⊘§ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ⟩∫ ⌉∐⊓⟩⊑⊣↖ ↕⌉\⊔ ⊔≀ ⌉⊑⊣↕⊓⊣⊔⟩\} ⌉∐⊓⊣⊔⟩≀\ ⇐∞′⇒ {≀∇ ⌉⊣⌋⟨ ⌊⟩⊔ √≀∫⟩⊔⟩≀\ i

0 ≤ i < n▷ Since the ∘ ≀√⌉∇⊣⊔≀∇ ⟩∫ \≀⊔ ⌋≀⇕⇕⊓⊔⊣⊔⟩⊑⌉ ⊔⟨⌉ ≀∇⌈⌉∇ ≀{ ⊔⟨⌉ ≀√⌉∇⊣\⌈∫ ⇕⊓∫⊔ \≀ ⌊⌉ ⌋⟨⊣\}⌉⌈↙ D⊓⌉ ⊔≀ ⊔⟨⌉ ⊣∫∫≀⌋⟩⊣⊔⟩⊑⟩⊔† ≀{ ⊔⟨⌉ ∘ ≀√⌉∇⊣⊔⟩≀\ ⟩⊔∫ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ⇕⊓∫⊔ \≀⊔ \⌉⌋⌉∫∫⊣∇⟩↕† ⌊⌉ ⌈≀\⌉ ∫⌉∇⟩⊣↕↕† (g3, p3) ∘ ((g2, p2) ∘ ((g1, p1) ∘ (g0, p0) ) )

^ ^∐{ ^~ ^∐√√]~^ } ]{ ∐{ }√^~√/ ~/~/ ((g3, p3) ∘ (g2, p2) ) ∘ ((g1, p1) ∘ (g0, p0) )

∮{ √∐√]^⌈∐√/ [~ ∘ ≀√⌉∇⊣⊔⟩≀\∫ ⌋⊣\ ⌊⌉ ⌉⊑⊣↕⊓⊣⊔⌉⌈ ⊣⌋⌋≀∇⌈↖ ⟩\} ⊔≀ ⊣ ⌊⟩\⊣∇† ⊔∇⌉⌉ ∫⊔∇⊓⌋⊔⊓∇⌉↙ T⟨⌉∇⌉⌊†⇔ ⌉⊑⊣↕⊓⊣⊔⟩≀\∫ ≀\ ⌈⟩{{⌉∇⌉\⊔ ⌊∇⊣\⌋⟨⌉∫ ≀{ ⊔⟨⌉ ⊔∇⌉⌉ ⊣∇⌉ ⌈≀\⌉ ⟩\ √⊣∇⊣↕↕⌉↕⇔ ⊒⟨⟩↕⌉ ⊔⟨⌉ ⟨⌉⟩}⟨⊔ ≀{ ⊔⟨⌉ ⊔∇⌉⌉ ⟩∫ ⌈⌉⊔⌉∇⇕⟩\⌉⌈ ⌊† ⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ \⊓⇕⌊⌉∇ ≀{ ⌉⊑⊣↕⊓⊣⊔⟩≀\∫ ⟩\ ∫⌉∇⟩⌉∫↙ T⟨⟩∫ }⟩⊑⌉∫ ⊣ ⇕⌉⊣∫⊓∇⌉ {≀∇ ⊔⟨⌉ ≀⊑⌉∇⊣↕↕ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ⊔⟩⇕⌉ ⊒⟨⟩⌋⟨ ⟩∫ ≀{ ⌋≀⇕√↕⌉§⟩⊔† O(log n). For the computation of all n carries c_i n binary evalu ation trees are required having an overall area complex ity of O(n2). By sharing subtrees the circuit complexity can be reduced down to O(n log n). Various schemes for the combination of subtrees exist, resulting in different parallel-preffx algorithms. These algorithms can best be visualized using directed acyclic graphs with the graph nodes representing the logic cells performing the ∘ ≀√⌉∇⊣⊔⟩≀\∫ ⊣\⌈ ⊒⟩⊔⟨ ⊔⟨⌉ }∇⊣√⟨ ⌉⌈}⌉∫ ∇⌉√∇⌉∫⌉\⊔⟩\} ⊔⟨⌉ ⌋⟩∇⌋⊓⟩⊔ \≀⌈⌉∫ {≀∇ ⊔⟨⌉ ∫⟩}\⊣↕ ⌋≀\\⌉⌋⊔⟩≀\∫↙ I\ ≀∇⌈⌉∇ ⊔≀ ⊣⊑≀⟩⌈ ⌋≀\{⊓∫⟩≀\⇔ ⌋⌉↕↕∫ ⌈⌉\≀⊔⌉ ⌋⟩∇⌋⊓⟩⊔ ⌋⌉↕↕∫ ⇐≀∇ }∇⊣√⟨ \≀⌈⌉∫⇒ ⊣\⌈ \≀⌈⌉∫ ⌈⌉\≀⊔⌉ ⌋⟩∇⌋⊓⟩⊔ \≀⌈⌉∫ ⇐≀∇ }∇⊣√⟨ ⌉⌈}⌉∫⇒ ⟩\ ⊔⟨⌉ ∫⌉∐⊓⌉↕↙ I\ ≀∇⌈⌉∇ ⊔≀ ⌋⊣√⊔⊓∇⌉ ⊔⟨⌉ }∇⊣√⟨ ∫⊔∇⊓⌋⊔⊓∇⌉ ≀{ ⊔⟨⌉ √⊣∇⊣↕↕⌉↕↖ √∇⌉⊘§ ⊣↕}≀∇⟩⊔⟨⇕∫ ⊒⌉ ⟨⊣⊑⌉ ⊔≀ ⌉§⊔⌉\⌈ ≀⊓∇ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋⊣↕ \≀⊔⊣⊔⟩≀\↙ T⟨⌉ ⊑⌉⌋⊔≀∇ vi,j =^(gi,j , pi,j^) {} ^~{}~√ [~ ~~{~√∐~\√√}√∐~∐~ √]~{∐⌈ √∐]√ ~√}⌉ [~ ^~⌈⌈ (i, j) to the cell (i, j + 1), where i is the bit number and j 1 ≤ j ≤ h ↼12↽ represents the row number in the graph ↼h is the height of the graph↽▷ Now we take a closer look at the three stages of parallelpreαx addition▷ We use a notation αrst proposed by BRENT and KUNG ♭4♯ and extended by LINDKVIST and ANDERSSON ♭6♯ and make some further extensions▷ The preprocessing stage generates the signals the parallelpreαx algorithm operates on namely the gener ate and propagate signals g_{i,1} = g_i p_{i,1} = p_i } vi,1 ↼13↽

according to equations ↼5↽ and ↼6↽▷ In our graph notation this logic is depicted by square cells▷

square▷eps 32 × ∈△ ⇕⇕ a_i b_i

vi,1 c_{in}

Based on the vectors v i,1 the parallelpreαx stage computes the carries c i▷ For regularity reasons the parallelpreαx graphs are composed of three types of cells▷ The black cells

black▷eps 42 × ∈△ ⇕⇕ vi_1,j

vi_1,j+1 vi_2,j

perform the ∘ ≀√⌉∇⊣⊔⟩≀\ vi_1,j+1 = vi_2,j ∘ vi_1,j (i1 > i2) (14) while the white cells

white.eps 55 × ∈△ ⇕⇕ vi_2,j

vi_2,j+1 vi_1,j+1 are empty, i.e. they simply copy the input to their output(s).

The grey cells

grey.eps 40 × ∈△ ⇕⇕ vi_1,j vi_2,j

c_{i1+1} are basically simpliffed black cells. They perform the last ∘ ≀√⌉∇⊣⊔⟩≀\ ≀\ ⌊⟩⊔ i and their output gi1,j+1 corre- sponds to the carry c i1+1. The calculation of p i1,j+1 is omitted since this signal is not used. Thus, the grey cells perform the reduced ∘ ′ ≀√⌉∇⊣⊔⟩≀\ c_{i1+1} = v_{i2,j} ∘^′ v_{i1,j} (i1 > i2) (15) (g_{i2,j} , p_{i2,j} ) ∘^′ (g_{i1,j} , p_{i1,j} ) = g_{i1,j} + p_{i1,j} g_{i2,j} ↼16↽ All the carries c i are computed at the end of the parallelpreαx stage▷ Finally the sum bits s i are cal culated according to equation ↼8↽▷ This postprocessing is performed by the triangle cells▷ ripple8▷eps 70 × ▽∞ ⇕⇕

F⟩}⊓∇⌉ ∈¬ ∀↖⌊⟩⊔ ∇⟩√√↕⌉↖⌋⊣∇∇† ⊣⌈⌈⌉∇ ∇⌉√∇⌉∫⌉\⊔⌉⌈ ⊣∫ √⊣∇⊣↕↕⌉↕↖√∇⌉⊘§ }∇⊣√⟨↙

⊔∇⟩⊣\}↕⌉↙⌉√∫ ∞∃ × ∈△ ⇕⇕ s_i c_{i−∞} p_i

Parallelpreαx addition can now be illustrated using simple graphical representations▷ As an example Fig▷ 2 shows the preαx structure of an 8bit ripplecarry adder which actually is a serialpreαx algorithm▷ Various al gorithm properties are visible in this graph▷ The number of subsequent cells a node is connected to corresponds to its fanout and the number of edges corresponds to the amount of wires▷ The number of rows denotes the maximum number of ∘ ⌉⊑⊣↕⊓⊣⊔⟩≀\∫ ⊔≀ ⌊⌉ √⌉∇{≀∇⇕⌉⌈ ⟩\ ∫⌉∇⟩⌉∫ ⊣\⌈ ⌋⊣\ ⌊⌉ ⟩\⊔⌉∇√∇⌉⊔⌉⌈ ⊣∫ ⊔⟨⌉ ⌈⌉↕⊣† ≀∇ ⊔⟨⌉ \⊓⇕↖ ⌊⌉∇ ≀{ √⟩√⌉↕⟩\⌉ ∫⊔⊣}⌉∫ ⟩\ ⊣ √⟩√⌉↕⟩\⌉⌈ ∇⌉⊣↕⟩‡⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕↙ B⌉⌋⊣⊓∫⌉ ⊣↕↕ ≀√⌉∇⊣⊔⟩≀\∫ ⟩\ ⊣ ∇≀⊒ ⊣∇⌉ ⌉§⌉⌋⊓⊔⌉⌈ ⟩\ √⊣∇⊣↕↕⌉↕⇔ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⌊↕⊣⌋‖ ⌋⌉↕↕∫ ⟩\ ≀\⌉ ∇≀⊒ ⌋≀∇↖ ∇⌉∫√≀\⌈∫ ⊔≀ ⊔⟨⌉ ⌈⌉}∇⌉⌉ ≀{ √⊣∇⊣↕↕⌉↕⟩∫⇕ ⟩\ ⊔⟨⊣⊔ ∫⊔⌉√↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⊔⟨⌉ ⌉{{⌉⌋⊔⟩⊑⌉ ∫√⌉⌉⌈ ≀{ ⊣ ∇⌉⊣↕⟩‡⊣⊔⟩≀\ ≀{ ⊣\ ⊣↕↖ }≀∇⟩⊔⟨⇕ ⟩∫ ⌈⌉⊔⌉∇⇕⟩\⌉⌈ ⌊† ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ∫⊔⊣}⌉∫ ⊣\⌈ ⌊† ⊔⟨⌉ {⊣\↖≀⊓⊔ ≀{ ⊔⟨⌉ ⌋⌉↕↕∫↙ T⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ ⊒⟩⌈⌉ ∇⊣\}⌉ ≀{ √∇≀√≀∫⌉⌈ √⊣∇⊣↕↕⌉↕↖√∇⌉⊘§ ⊣↕}≀∇⟩⊔⟨⇕∫↙ T⟨⌉ ⊔⊒≀ √⊣∇⊣↕↕⌉↕↖√∇⌉⊘§ ⊣↕}≀∇⟩⊔⟨⇕∫ ⊓∫⌉⌈ ⟨⌉∇⌉ ⊣∇⌉ ⊔⟨⌉ ≀\⌉ √∇≀√≀∫⌉⌈ ⌊† SKLANSKY ∪⊎ ⇐F⟩}↙ ∋⇒ ⊣\⌈ ⊔⟨⌉ ≀\⌉ ⌊† BRENT ⊣\⌈ KUNG ∪△⊎ ⇐F⟩}↙ △⇒↙ T⟨⌉ √∇≀√↖ ⌉∇⊔⟩⌉∫ ≀{ ⊔⟨⌉∫⌉ ⊔⊒≀ ⊣⌈⌈⟩⊔⟩≀\ ⊣↕}≀∇⟩⊔⟨⇕∫ ⊣∇⌉ ∫⊓⇕⇕⊣∇⟩‡⌉⌈ ⟩\ T⊣⌊↕⌉ ∞↙ SKLANSKY≃∫ √∇⌉⊘§ ⊣↕}≀∇⟩⊔⟨⇕⇔ ⊘∇∫⊔ ⊓∫⌉⌈ {≀∇ ⌋≀\⌈⟩⊔⟩≀\⊣↕↖∫⊓⇕ ⊣⌈⌈⟩⊔⟩≀\ ∪⊎⇔ ⟩∫ ≀\⌉ ≀{ ⊔⟨⌉ ⇕≀∫⊔ ⌋≀⇕↖ ⇕≀\ √∇⌉⊘§ ⊣↕}≀∇⟩⊔⟨⇕∫↙ T⟨⟩∫ ⊣↕}≀∇⟩⊔⟨⇕ ⟨⊣∫ ⇕⟩\⟩⇕⊣↕ ⌈⌉√⊔⟨ ⌊⊓⊔ ⊔⟨⌉ {⊣\↖≀⊓⊔ ⟩\⌋∇⌉⊣∫⌉∫ ⌉§√≀\⌉\⊔⟩⊣↕↕† ⊔≀⊒⊣∇⌈∫ ⊔⟨⌉ ⊘\⊣↕ ∫⊔⊣}⌉∫↙ T⟨⌉ ⇕⊣§⟩⇕⊓⇕ {⊣\↖≀⊓⊔ ⟩∫ ↕⟩\⌉⊣∇ ⊔≀ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ≀√⌉∇⊣\⌈ ⌊⟩⊔∫↙

∫‖∞↙̸⌉√∫ ∞ × ∈∀ ⇕⇕

F⟩}⊓∇⌉ ∋¬ SKLANSKY≃∫ √∇⌉⊘§ ⊣↕}≀∇⟩⊔⟨⇕↙

⌊‖∞↙̸⌉√∫ ∞ × △∞ ⇕⇕

F⟩}⊓∇⌉ △¬ BRENT ⊣\⌈ KUNG≃∫ √∇⌉⊘§ ⊣↕}≀∇⟩⊔⟨⇕↙

BRENT ⊣\⌈ KUNG≃∫ √∇⌉⊘§ ⊣↕}≀∇⟩⊔⟨⇕ ⟨⊣∫ ↕≀⊒ {⊣\↖≀⊓⊔ ⇐⟩↙⌉↙ O(log n) instead of O(n)) but twice the depth of

the SKLANSKY algorithm. BRENT and KUNG’s preffx algorithm is quite area efffcient due to the small number of black cells (remember that the white cells contain no logic) and due to the low wiring requirements.

The graphs illustrate the simple and highly regular structure of both preffx algorithms. The regularity of the two preffx algorithms is fundamental for a parameterized description in structural VHDL, as will be seen in the sequel.

3 Structural VHDL

The VHDL hardware description language allows the description of hardware at two levels of abstraction, the behavioral and the structural level. In order to generate a logic netlist, a behavioral description has to be translated into an RTL (register transfer level) description at the structural level. This mapping process is referred to as VHDL synthesis. Behavioral VHDL abstracts from the circuit’s logic structure and allows the designer to concentrate on the circuit’s behavior. Compared to structural hardware description, the behavioral level allows for much easier and more abstract description of complex circuits and systems, has advantages concerning code understandability, maintenance, and reuse, and is property BRENT & KUNG SKLANSKY max. fan-out log n^n_2 area 2n − ↕≀} n − ∈ ∞∈n log n depth 2(log n − ∞) log n Table 1. Properties of BRENT and KUNGφs and SKLAN SKYφs parallelpreαx addition algorithms▷

substantial for more efαcient simulation▷ As a matter of fact the whole design process gets accelerated▷ In behavioral VHDL the function of a circuit is de scribed but not its structure▷ The structure is generated automatically through VHDL synthesis and its quality depends on the used synthesis tool▷ For common struc tures like adders these synthesis tools usually include netlist generators for a set of possible architectures e▷g▷ for ripplecarry and a carrylookahead adders▷ If the synthesis tool encounters an addition operation in the code to be synthesized one of these generators is called▷ If the designer wants to include another circuit architec ture at this point a description in structural VHDL must be incorporated▷ Structural VHDL allows the simple description of βat or hierarchical netlists▷ Additionally common lan guage constructs for conditions and repetition as well as generic parameters can be used for the implementation of netlists generators with some degree of βexibility▷ The main VHDL constructs used for structural circuit description are now presented▷ Examples are given in pseudo VHDL code i▷e▷ unimportant code details are not included▷ 3▷1 Simple Logic Expressions Simple logic expressions can be written in VHDL as concurrent signal assignments▷ Equation ↼6↽ is written as p↼i↽ </ a↼i↽ xor b↼i↽, where p a and b are arrays of signals and p↼i↽ denotes the ith component of the array p▷ 3▷2 Repetition and Parameterization Equation ↼6↽ requires signal assignments for an entire range of bits▷ This can be described using the repetition generate statement. square⌢cells. for i in 0 to 15 generate p↼i↽ </ a↼i↽ xor b↼i↽, end generate square⌢cells,

In equation ↼5↽ two different cases have to be dis tinguished for calculation of g0 and g_{i≥′} ↙ I\ ∫⊔∇⊓⌋⊔⊓∇⊣↕ VHDL ⊔⟨⟩∫ ⌋⊣\ ⌊⌉ ⌈≀\⌉ ⊓∫⟩\} ⊣ ⌋≀\⌈⟩⊔⟩≀\⊣↕ }⌉\⌉∇⊣⊔⌉ ∫⊔⊣⊔⌉⇕⌉\⊔ ⇐⟩↙⌉↙ ⟩{ ↙↙↙ }⌉\⌉∇⊣⊔⌉⇒ ≀∇ ⊣ ⌋≀\⌈⟩⊔⟩≀\⊣↕ ∫⟩}↖ \⊣↕ ⊣∫∫⟩}\⇕⌉\⊔¬ ∫∐⊓⊣∇⌉∨⌋⌉↕↕∫¬ {≀∇ ⟩ ⟩\ ′ ⊔≀ ∞▽ }⌉\⌉∇⊣⊔⌉ }⇐⟩⇒ ℜℑ ⊣⇐′⇒ ⊣\⌈ ⌊⇐′⇒ ≀∇ ⊣⇐′⇒ ⊣\⌈ ⌋⟩ ≀∇ ⌊⇐′⇒ ⊣\⌈ ⌋⟩ ⊒⟨⌉\ ⟩ ℑ ′ ⌉↕∫⌉ ⊣⇐⟩⇒ ⊣\⌈ ⌊⇐⟩⇒∅ √⇐⟩⇒ ℜℑ ⊣⇐⟩⇒ §≀∇ ⌊⇐⟩⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∫∐⊓⊣∇⌉∨⌋⌉↕↕∫∅ I{ ⊔⟨⌉ ∇⊣\}⌉ ≀{ ⟩ ⟩∫ ‖\≀⊒\ ≀\↕† ⊣⊔ ∫†\⊔⟨⌉∫⟩∫ ⊔⟩⇕⌉ ⊒⌉ \⌉⌉⌈ ⊔≀ √⊣∇⊣⇕⌉⊔⌉∇⟩‡⌉ ⊔⟨⌉ ∇⌉√⌉⊔⟩⊔⟩≀\ ∫⊔⊣⊔⌉⇕⌉\⊔ ⊣⌊≀⊑⌉↙ S⊓√√≀∫⌉ ⊔⟨⌉ ∇⊣\}⌉ ≀{ ⟩ ⟩∫ √⊣∇⊣⇕⌉⊔⌉∇⟩‡⌉⌈ ⊒⟩⊔⟨ ⊔⟨⌉ }⌉\⌉∇⟩⌋ √⊣∇⊣⇕⌉⊔⌉∇ \¬ ↙↙↙ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ ↙↙↙ ∫∐⊓⊣∇⌉∨⌋⌉↕↕∫¬ {≀∇ ⟩ ⟩\ ′ ⊔≀ \↖∞ }⌉\⌉∇⊣⊔⌉ ↙↙↙ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∫∐⊓⊣∇⌉∨⌋⌉↕↕∫∅

∋↙∋ C≀⇕√≀\⌉\⊔∫ ⊣\⌈ I\∫⊔⊣\⊔⟩⊣⊔⟩≀\ H⟩⌉∇⊣∇⌋⟨⟩⌋⊣↕ ∫⊔∇⊓⌋⊔⊓∇⟩\} ⊣\⌈ ⌋≀⇕√≀\⌉\⊔ ∇⌉⊓∫⌉ ⌋⊣\ ⌊⌉ ∇⌉⊣↕⟩‡⌉⌈ ⌊† √⊣⌋‖⊣}⟩\} ∫⊓⌊⌋⟩∇⌋⊓⟩⊔∫ ⟩\⊔≀ VHDL ⌉\⊔⟩⊔⟩⌉∫ ⊣\⌈ ⊓∫⟩\} ⊔⟨⌉⇕ ⊔⟨∇≀⊓}⟨ ⌋≀⇕√≀\⌉\⊔ ⟩\∫⊔⊣\⊔⟩⊣⊔⟩≀\∫↙ I\ ≀⊓∇ ⌉§⊣⇕√↕⌉ ⊔⟨⌉ √⊣∇⊣⇕⌉⊔⌉∇⟩‡⌉⌈ VHDL ⌈⌉∫⌋∇⟩√⊔⟩≀\ ≀{ ⌉∐⊓⊣⊔⟩≀\∫ ⇐▽⇒ ⊣\⌈ ⇐⇏ ⌋⊣\ ⌊⌉ ∫⊓⇕⇕⊣∇⟩‡⌉⌈ ⟩\ ⊣\ ⌉\⊔⟩⊔† ⊣∫ {≀↕↕≀⊒∫¬ ⌉\⊔⟩⊔† √√}√}⌉\ ⟩∫ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐⊣⇔⌊ ¬ ⟩\ ∫⊔⌈∨↕≀}⟩⌋∨⊑⌉⌋⊔≀∇ ⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ ⌋⟩ ¬ ⟩\ ∫⊔⌈∨↕≀}⟩⌋∅ }⇔√ ¬ ≀⊓⊔ ∫⊔⌈∨↕≀}⟩⌋∨⊑⌉⌋⊔≀∇ ⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ √√}√}⌉\∅ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ∫⊔∇⊓⌋⊔⊓∇⊣↕ ≀{ √√}√}⌉\ ⟩∫ ⌊⌉}⟩\ ∫∐⊓⊣∇⌉∨⌋⌉↕↕∫¬ {≀∇ ⟩ ⟩\ ′ ⊔≀ \↖∞ }⌉\⌉∇⊣⊔⌉ }⇐⟩⇒ ℜℑ ⊣⇐′⇒ ⊣\⌈ ⌊⇐′⇒ ≀∇ ⊣⇐′⇒ ⊣\⌈ ⌋⟩ ≀∇ ⌊⇐′⇒ ⊣\⌈ ⌋⟩ ⊒⟨⌉\ ⟩ ℑ ′ ⌉↕∫⌉ ⊣⇐⟩⇒ ⊣\⌈ ⌊⇐⟩⇒∅ √⇐⟩⇒ ℜℑ ⊣⇐⟩⇒ §≀∇ ⌊⇐⟩⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∫∐⊓⊣∇⌉∨⌋⌉↕↕∫∅ ⌉\⌈ ∫⊔∇⊓⌋⊔⊓∇⊣↕∅ T⟨⌉ ⌉\⊔⟩⊔† √√}√}⌉\ ⌋⊣\ \≀⊒ ⌊⌉ ⟩\∫⊔⊣\⊔⟩⊣⊔⌉⌈ ⊒⟩⊔⟨⟩\ ⊣\≀⊔⟨⌉∇ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ⌊† ⌈⌉⌋↕⊣∇⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌋≀⇕√≀\⌉\⊔≃∫ ⟩\⊔⌉∇{⊣⌋⌉ ⟩\ ⊔⟨⌉ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ⟨⌉⊣⌈⌉∇ ⌋≀⇕√≀\⌉\⊔ √√}√}⌉\ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐⊣⇔⌊ ¬ ⟩\ ∫⊔⌈∨↕≀}⟩⌋∨⊑⌉⌋⊔≀∇

⊣∇∇⊣†↙⌉√∫ ∞ × ∋△ ⇕⇕

F⟩}⊓∇⌉ ▽¬ T⊒≀↖⌈⟩⇕⌉\∫⟩≀\⊣↕ ⊣∇∇⊣† ≀{ ⊑⌉⌋⊔≀∇∫ ⊑ i,j as ba sic data structure▷

↼n1 downto 0↽, ci . in std⌢logic, gp . out std⌢logic⌢vector ↼n1 downto 0↽↽, end component, for all . ppgpgen use entity ppgpgen↼structural↽, followed by the instantiation in the architecture body square⌢cell⌢row . ppgpgen generic map ↼n↽, port map ↼abcigp↽, For further details please refer to the literature on VHDL ♭8♯♭9♯▷

4 Implementation In order to generate the logic for a parallelpreαx adder its graph representation is implemented by mapping the graph nodes onto logic gates and the graph edges onto connecting wires▷ This can be achieved by visiting each cell and generate the corresponding logic and connec tions▷ From a programming point of view this two dimensional graph can be processed using two nested loops▷ The organization of these two loops or in other words the strategy for traversing the graph does not affect the resulting circuitry▷ On the other hand it has an effect on the VHDL code structure implementing the traversing scheme though in a rather subtle manner as will be seen in the sequel▷

4▷1 Basic data structure The basic data structure for a parallelpreαx adder de scription in structural VHDL is a twodimensional array ↼matrix↽ of signal pairs ↼vectors v i,j ↽ denoting the out puts of the cells in the graph representation ↼Fig▷ 5↽▷ In practice this array of vectors is replaced by two two dimensional arrays for the signals g i,j and p i,j respec tively▷ Thus generating a parallelpreαx circuit can be regarded as interconnecting these signals with the ap propriate logic▷ Again this process does not depend on the order in which the cells of the graph are visited and their logic generated▷ The VHDL synthesis tool used ↼Compass↽ did not allow the usage of twodimensional arrays▷ However an n×m twodimensional array A can easily be mapped onto an n · m onedimensional array B using a simple index calculation▷ A ↔ B a(i, j) ↔ b(i + j · n) (17) Two different approaches for traversing the graph representation of parallel-preffx addition are now described. They also demonstrate the subtle infiuence of this underlying strategy on the code complexity of structural VHDL.

4.2 First Approach: Bit-Slice Technique Because the netlists to be generated are parameterized with the number of operand bits n the construction of an adder from n bitslices was the most obvious approach▷ Thus an adder is generated by one central loop. bit⌢slice . for i in 0 to n1 generate ▷▷▷ end generate bit⌢slice, Inside this loop the three stages of parallelpreαx addi tion described earlier are generated for one bit position▷ Therefore the graph is traversed as illustrated in Fig▷ 6▷ The generation of the logic for the pre and the post processing cells is simple and straightforward and does not change for different adder word lengths▷ Things get more complicated for generating the logic for the cells of the parallelpreαx stage▷ Basically the cells and in terconnections of the parallelpreαx stage are generated by a second loop which is nested in the toplevel bit slice loop and which processes the individual rows of the preαx graph▷ The corresponding pseudo code looks as follows. bit⌢slice . for i in 0 to n1 generate square⌢cell. ▷▷▷ preαx⌢nodes. for j in 1 to h generate ▷▷▷ end generate preαx⌢stage, triangle⌢cell. ▷▷▷ end generate bit⌢slice, The addition operand word length n does not only affect the width of the graph but also its depth▷ Thus approach1▷eps 70 × ∋∃ ⇕⇕

F⟩}⊓∇⌉ ¬̸ G∇⊣√⟨ ⊔∇⊣⊑⌉∇∫⟩\} ∫⌋⟨⌉⇕⌉ ⊓∫⟩\} ⊔⟨⌉ ⌊⟩⊔↖∫↕⟩⌋⌉ ⊔⌉⌋⟨\⟩∐⊓⌉↙

⌊≀⊔⟨ \⌉∫⊔⌉⌈ ↕≀≀√∫ ⌈⌉√⌉\⌈ ≀\ ⊔⟨⌉ ⊣⌈⌈⌉∇ ↕⌉\}⊔⟨↙ W⟩⊔⟨⟩\ ⊔⟨⌉ ⊔⊒≀ ↕≀≀√∫⇔ ⊣ ⌈⌉⌋⟩∫⟩≀\ ⟨⊣∫ ⊔≀ ⌊⌉ ⇕⊣⌈⌉ ⊒⟨⌉⊔⟨⌉∇ ⊣ ⌋⌉↕↕ (i, j) is a white, a black, or a grey cell and what its interconnections are.

The required description of the parallel-preffx graph representation must be parameterizable with the given operand word length. The idea to obtain a simple and regular description is to divide the graph into building blocks, as depicted in the Figs. 3 and 4 by the dashed rectangles. These building blocks all have highly regular and similar structures and differ only in size, which can be captured by one simple parameterized description. SKLANSKY’s preffx algorithm, for example, is built using one single building block while BRENT and KUNG’s preffx algorithms uses two different ones. Based on these building blocks a scalable description for the two parallel-preffx adders has been implemented in structural VHDL, resulting in the desired netlist generators.

Some details of the generation process and the resulting VHDL code are now examined. Let us concentrate on colored and white cells, where colored cells are either black or grey ones. The SKLANSKY’s preffx algorithm is chosen as example due to its very regular structure. Let i be the current bit number 0 ≤ i < n and j the current row in the parallelpreαx stage 1 ≤ j ≤ ⌈↕≀}∈n⌉ = h where ⌈x⌉ ⌈⌉\≀⊔⌉∫ ⊔⟨⌉ \⌉§⊔ ⟨⟩}⟨⌉∇ \⊣⊔⊓∇⊣↕ \⊓⇕⌊⌉∇ ≀{ x if x is not natural itself▷ Let M ⌊⌉ ⊔⟨⌉ ∫⌉⊔ ≀{ ⊣↕↕ √⊣⟩∇∫ (i, j) corresponding to a colored cell in the graph. The decision for a given pair (i, j) whether it corresponds to a white or a colored cell consists of several steps (see also Fig. 7). First, the length w(j) = 2^j ↼18↽

position▷eps 73 × ∋∃ ⇕⇕

i o(i, j)

j

r(i, j) w(j)

w(j) 2

Figure 7: Building block of SKLANSKY’s preffx algorithm.

of the building blocks in the current row j is calculated▷ Then the building block of row j is determined in which the ith bit is located▷ Let the building blocks be num bered from right to left starting with 0▷ Then the building block containing bit i has number b(i, j), b(i, j) = ⌊ i w(j) ⌋ {} [~√~ ⌊x⌋ ⌈⌉\≀⊔⌉∫ ⊔⟨⌉ \⌉§⊔ ↕≀⊒⌉∇ \⊣⊔⊓∇⊣↕ \⊓⇕⌊⌉∇ ≀{ x if x is not natural itself▷ Using the bit number o(i, j) = b(i, j)w(j) (20) of the ffrst bit of building block b(i, j), the relative bit position r(i, j) = i − o(i, j) (21) of bit i within this building block can be determined▷ Obviously the range of r(i, j) is 0 ≤ r(i, j) < w(j) The relative bit number r(i, j) speciffes the type of cell to be generated. The set M ≀{ ⊣↕↕ √⊣⟩∇∫ (i, j) corresponding to colored cells is M = { (i, j) : r(i, j) ≥ w(j) 2 }

= { (i, j) : i − (⌊ i 2^j ⌋) j ≥ ∈^{j−∞} }

{} }√ ]{ }[~√ }√^√/ ∐⌈⌈ ^~⌈⌈√ ]{ [~ √√~√ [∐⌈~ }~ ∐ ^]⌈^]{~ ^⌈}^⌋ ∐√~ ^}⌈}√~^ {⨆]~/ }/ ⋂[√/ ~~{~√∐]{~ [~ √∐√∐⌈⌈~⌈\√√~⟩ ⌈}~]^ ~}√ ∐⌈⌈ √∐]√√ (i, j) bases on determining whether the current cell is an element of M ⊣\⌈⇔ ⟩{ ∫≀⇔ ⊔≀ }⌉\⌉∇⊣⊔⌉ ⊔⟨⌉ ⊣√√∇≀√∇⟩⊣⊔⌉ ↕≀}⟩⌋↙ A⌈⌈⟩⊔⟩≀\⊣↕↕†⇔ ⊔⟨⌉ ⌈⌉⊔⌉∇⇕⟩\⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌋≀\\⌉⌋⊔⟩≀\∫ ⊣↕∫≀ \⌉⌉⌈∫ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\↙ A∫∫⊓⇕⌉ ⊔⟨⌉ ⌋⌉↕↕ ⌋≀∇∇⌉∫√≀\⌈⟩\} ∀

⊔≀ (i, j) is a colored cell. Then its two input nodes are its direct neighbor one row above (i, j − ∞) and the node ( o(i, j) + w(j) 2 , j − ∞ ) = ((⌊ i 2^j ⌋) j + 2^{j−∞} − ∞, j − ∞ ) {} ∐√ ^~√]^~^ ]{ ⨆]~/ / []~ ^~⌈⌈ ]√ }{⌈ ^}{{~^~^ } ]√ {~]~[^}√ }{~ √} ∐^}~ (i, j − ∞). The following VHDL code results from implementation of the above equations:

bit˙slice : for i in 0 to n-1 generate

square˙cell: ...

preffx˙nodes: for j in 1 to h generate

g(j*n + i) ¡= g((j-1)*n + i) or g((j-1)*n + (i/2**j-1)*2**j + 2**(j-1) - 1) and p((j-1)*n + i) when i-(i/2**j)-1)*2**j ¿= 2**(j-1) else

g((j-1)*n + i);

p(j*n + i) ¡= p((j-1)*n + i) and p((j-1)*n + (i/2**j-1)*2**j + 2**(j-1) - 1) when i-(i/2**j)-1)*2**j ¿= 2**(j-1) else

p((j-1)*n + i);

end generate preffx˙stage;

triangle˙cell: ...

end generate bit˙slice;

The Ψ/˚ operator denotes integer division in the above index calculations.

Unfortunately, it was not possible to structure the code any further by implementing the functions w(j), b(i, j), o(i, j), and r(i, j) separately, because the used synthesis tool does not allow any function calls in index calculations or condition expressions.

A VHDL netlist generator for the BRENT and KUNG preffx algorithm can be written in a very similar way with slightly different index calculations and condition expressions.

Two parameterized adders, one implementing SKLANSKY’s and the other BRENT and KUNG’s preffx algorithm were realized using the principles described so far.

The synthesis of the resulting code was very time and memory consuming using the synthesis tools by Synopsys Inc. Synthesis using the design tools by Compass approach2.eps 70 × ∋ ̸⇕⇕

F⟩}⊓∇⌉ ∀¬ G∇⊣√⟨ ⊔∇⊣⊑⌉∇∫⟩\} ∫⌋⟨⌉⇕⌉ ⊓∫⟩\} ⊔⟨⌉ ⌊⊓⟩↕⌈⟩\}↖ ⌊↕≀⌋‖∫ ⊔⌉⌋⟨\⟩∐⊓⌉↙

D⌉∫⟩}\ A⊓⊔≀⇕⊣⊔⟩≀\ ⊒⊣∫ \≀⊔ ∫⊓⌋⌋⌉∫∫{⊓↕ ⊣⊔ ⊣↕↕⇔ √⊣∇⊔⟩⌋↖ ⊓↕⊣∇↕† ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉ ∫†\⊔⟨⌉∫⟩‡⌉∇ ⌈⟩⌈ \≀⊔ ⊣↕↕≀⊒ ⌈⟩⊑⟩∫⟩≀\ ≀√⌉∇⊣⊔⟩≀\∫ ⟩\ ⟩\⌈⌉§ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\∫ ⇐⌉∐⊓⊣⊔⟩≀\ ⇐∞∃⇒⇒↙ T⟨⌉∇⌉↖ {≀∇⌉⇔ ⊣\≀⊔⟨⌉∇ ⊣√√∇≀⊣⌋⟨ ⊒⊣∫ ⌋⟨≀∫⌉\ ⊒⟨⟩⌋⟨ ⊒≀∇‖∫ ⊒⟩⊔⟨≀⊓⊔ ⌈⟩⊑⟩∫⟩≀\ ⊣\⌈ ⊒⟨⟩⌋⟨ ⊔⊓∇\⌉⌈ ≀⊓⊔ ⊔≀ ⌊⌉ ⇕≀∇⌉ ⌉{⊘⌋⟩⌉\⊔ ⊔≀ ∫†\⊔⟨⌉∫⟩‡⌉ ≀∇ ⊔≀ ⌊⌉ ∫†\⊔⟨⌉∫⟩‡⊣⌊↕⌉ ⊣⊔ ⊣↕↕⇔ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†↙

△↙∋ S⌉⌋≀\⌈ A√√∇≀⊣⌋⟨¬ B⊓⟩↕⌈⟩\}↖B↕≀⌋‖∫ T⌉⌋⟨\⟩∐⊓⌉ B⌉⌋⊣⊓∫⌉ ⊔⟨⌉ ⌊⟩⊔↖∫↕⟩⌋⌉ ⊔⌉⌋⟨\⟩∐⊓⌉ ⊓∫⌉⌈ ⟩\ ⊔⟨⌉ ⊘∇∫⊔ ⊣√√∇≀⊣⌋⟨ ↕⌉⊣⌈ ⊔≀ ⊓\∫⊣⊔⟩∫{⊣⌋⊔≀∇† ∇⌉∫⊓↕⊔∫⇔ ⊣\ ⊣↕⊔⌉∇\⊣⊔⟩⊑⌉ ⊣√√∇≀⊣⌋⟨ ⊒⊣∫ ⌋⟨≀∫⌉\↙ H⌉∇⌉⇔ ⊔⟨⌉ ⊣∇∇⊣† ⟩∫ \≀⊔ ⌋≀\∫⊔∇⊓⌋⊔⌉⌈ ⌋≀↕⊓⇕\↖ ⊒⟩∫⌉ {∇≀⇕ ⌊⟩⊔↖∫↕⟩⌋⌉∫⇔ ⌊⊓⊔ ∇≀⊒↖⊒⟩∫⌉ {∇≀⇕ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ √∇⌉↖ ⊘§ ∫⊔⊣}⌉∫↙ T⟨⌉ √∇⌉⊘§ ∫⊔⊣}⌉∫ ⊔⟨⌉⇕∫⌉↕⊑⌉∫ ⊣∇⌉ ⌋≀⇕√≀∫⌉⌈ ≀{ ⊣√√∇≀√∇⟩⊣⊔⌉ ⌊⊓⟩↕⌈⟩\} ⌊↕≀⌋‖∫↙ T⟨⌉ ≀⊓⊔⌉∇ ↕≀≀√ \≀⊒ √∇≀⌋⌉∫∫⌉∫ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ √∇⌉⊘§ ∫⊔⊣}⌉∫↙ }⌉\⌉∇⊣⊔⌉ ∫∐⊓⊣∇⌉ ⌋⌉↕↕∫∅ √∇⌉⊘§∨∫⊔⊣}⌉¬ {≀∇ | ⟩\ ∞ ⊔≀ ⟨ }⌉\⌉∇⊣⊔⌉ ↙↙↙ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∫⊔⊣}⌉∅ }⌉\⌉∇⊣⊔⌉ ⊔∇⟩⊣\}↕⌉ ⌋⌉↕↕∫∅ T⟨⊓∫⇔ ⊔⟨⌉ }∇⊣√⟨ ⟩∫ ⊔∇⊣⊑⌉∇∫⌉⌈ ⊣∫ ⟩↕↕⊓∫⊔∇⊣⊔⌉⌈ ⟩\ F⟩}↙ ∀↙ T⟨⌉ }⌉\⌉∇⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∫∐⊓⊣∇⌉ ⊣\⌈ ⊔∇⟩⊣\}↕⌉ ⌋⌉↕↕∫ \≀⊒ ⟨⊣∫ ⊔≀ ⌊⌉ ⌋⊣∇∇⟩⌉⌈ ≀⊓⊔ ⟩\ ∫⌉√⊣∇⊣⊔⌉ ↕≀≀√∫⇔ ⊣∫ ⌋⊣\ ⌊⌉ ∫⌉⌉\ ⟩\ ⊔⟨⌉ \⌉§⊔ ⌋≀⌈⌉ {∇⊣}⇕⌉\⊔↙ A ∫⌉⌋≀\⌈ ⇐⟩\\⌉∇⇒ ↕≀≀√ ⟩∫ \≀⊒ ⊓∫⌉⌈ {≀∇ ⊑⟩∫⟩⊔⟩\} ⊣↕↕ ⌊⟩⊔∫ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ∇≀⊒↙ }⌉\⌉∇⊣⊔⌉ ∫∐⊓⊣∇⌉ ⌋⌉↕↕∫∅ √∇⌉⊘§∨∫⊔⊣}⌉¬ {≀∇ | ⟩\ ∞ ⊔≀ ⟨ }⌉\⌉∇⊣⊔⌉ ⌊⟩⊔¬ {≀∇ ⟩ ⟩\ ′ ⊔≀ \↖∞ }⌉\⌉∇⊣⊔⌉ ↙↙↙ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⌊⟩⊔∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∫⊔⊣}⌉∅ }⌉\⌉∇⊣⊔⌉ ⊔∇⟩⊣\}↕⌉ ⌋⌉↕↕∫∅

∃

↕≀≀√∫↙⌉√∫ ′ × ∋′ ⇕⇕

F⟩}⊓∇⌉ ∃¬ T∇⊣⊑⌉∇∫⟩\} ∫⌋⟨⌉⇕⌉ ⊓∫⟩\} ⊔⟨∇⌉⌉ ↕⌉⊑⌉↕∫ ≀{ \⌉∫⊔⌉⌈ ↕≀≀√∫↙

T⟨⟩∫ ∫≀↕⊓⊔⟩≀\⇔ ⟨≀⊒⌉⊑⌉∇⇔ ∇⌉∐⊓⟩∇⌉∫ ⌉§⊣⌋⊔↕† ⊔⟨⌉ ∫⊣⇕⌉ ⌈⌉↖ ⌋⟩∫⟩≀\∫ ⊣\⌈ ⟩\⌈⌉§ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\∫ ⊔⟨⊣⊔ ↕⌉⌈ ⊔≀ ⊔⟨⌉ ⇕⌉\⊔⟩≀\⌉⌈ ∫†\⊔⟨⌉∫⟩∫ √∇≀⌊↕⌉⇕∫ ⟩\ ⊔⟨⌉ ⊘∇∫⊔ ⊣√√∇≀⊣⌋⟨↙ T⟨⌉ ⌊⊣∫⟩⌋ ⟩⌈⌉⊣ ⟩\ ≀⊓∇ ∫⌉⌋≀\⌈ ⊣√√∇≀⊣⌋⟨ ⟩∫ ⊔⟨⌉ ∫⌉√⊣∇⊣⊔⌉ √∇≀⌋⌉∫∫⟩\} ≀{ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ⌊⊓⟩↕⌈⟩\} ⌊↕≀⌋‖∫ ⌊† ⊣ ⊔⟨⟩∇⌈ ↕≀≀√↙ I\∫⊔⌉⊣⌈ ≀{ ⟨⊣⊑⟩\} ≀\↕† ≀\⌉ ↕≀≀√ √⌉∇ ∇≀⊒ ∇⌉∐⊓⟩∇⟩\} ⌋≀⇕√↕⌉§ ⌊⊓⟩↕⌈↖ ⟩\} ⌊↕≀⌋‖ ⊣\⌈ ⌊⟩⊔ √≀∫⟩⊔⟩≀\ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\∫⇔ ⊔⟨⌉ ∫⌉⌋≀\⌈↖↕⌉⊑⌉↕ ↕≀≀√ \≀⊒ ⊑⟩∫⟩⊔∫ ⊣↕↕ ⌊⊓⟩↕⌈⟩\} ⌊↕≀⌋‖∫ ⊒⟨⟩↕⌉ ⊔⊒≀ ⊔⟨⟩∇⌈↖↕⌉⊑⌉↕ ↕≀≀√∫ √∇≀⌋⌉∫∫ ⊣↕↕ ⊒⟨⟩⊔⌉ ⊣\⌈ ⌊↕⊣⌋‖ ⌋⌉↕↕∫ ⊒⟩⊔⟨⟩\ ⊣ ⌊⊓⟩↕⌈⟩\} ⌊↕≀⌋‖ ⇐F⟩}↙ ∃⇒↙ B† ⌋⟨≀≀∫⟩\} ⊣√√∇≀√∇⟩⊣⊔⌉ ↕≀≀√ ∫⊔∇⊓⌋⊔⊓∇⌉∫ ⊣\⌈ ⌊≀⊓\⌈⊣∇⟩⌉∫⇔ ⊔⟨⌉ ⟩\⌈⌉§ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\∫ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ↕≀≀√∫ ⌊⌉⌋≀⇕⌉ ⇕⊓⌋⟨ ∫⟩⇕√↕⌉∇ ⊣\⌈ ∇⌉∐⊓⟩∇⌉ \≀ ⌈⟩⊑⟩∫⟩≀\ ≀√⌉∇⊣↖ ⊔⟩≀\∫ ⊣\†⇕≀∇⌉↙ P⊓⊔ ⌈⟩{{⌉∇⌉\⊔↕†⇔ ⊔⟨⌉ }∇⊣\⊓↕⊣∇⟩⊔† ≀{ ⊔⟨⌉ }⌉\⌉∇⊣⊔⌉↖↕≀≀√∫ ⊒⊣∫ ⟩\⌋∇⌉⊣∫⌉⌈ ⟩\ ⊣ ⊒⊣† ⊔⟨⊣⊔ ⊔⟨⌉ ⌈⌉⊔⌉∇↖ ⇕⟩\⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌋⌉↕↕ ⊔†√⌉ ⊣\⌈ ⊔⟨⌉ ⌋≀\\⌉⌋⊔⟩≀\∫ {≀∇ ⌉⊣⌋⟨ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ⌊⟩⊔ √≀∫⟩⊔⟩≀\ ⟩∫ ∫⊔∇⊣⟩}⟨⊔{≀∇⊒⊣∇⌈↙ D⌉⊑⌉↕≀√⟩\} ⊣ VHDL \⌉⊔↕⟩∫⊔ }⌉\⌉∇⊣⊔≀∇ {≀∇ SKLAN↖ SKY≃∫ √∇⌉⊘§ ⊣↕}≀∇⟩⊔⟨⇕ ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⟩∫ ↕≀≀√ ∫⊔∇⊓⌋⊔⊓∇⌉ ⟩∫ \≀⊒ ∐⊓⟩⊔⌉ ∫⟩⇕√↕⌉↙ T⟨⌉ ⊘∇∫⊔↖↕⌉⊑⌉↕ ↕≀≀√ √∇≀⌋⌉∫∫⌉∫ ⊔⟨⌉ ∇≀⊒∫ ≀{ ⊔⟨⌉ √⊣∇⊣↕↕⌉↕↖√∇⌉⊘§ ∫⊔⊣}⌉↙ √∇⌉⊘§∨∫⊔⊣}⌉¬ {≀∇ | ⟩\ ∞ ⊔≀ ⟨ }⌉\⌉∇⊣⊔⌉ ↙↙↙ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∫⊔⊣}⌉∅ T⟨⌉ ∫⌉⌋≀\⌈↖↕⌉⊑⌉↕ ↕≀≀√ √∇≀⌋⌉∫∫⌉∫ ⊔⟨⌉ ⌊⊓⟩↕⌈⟩\} ⌊↕≀⌋‖∫ ⊒⟩⊔⟨⟩\ ⊣ ∇≀⊒⇔ }∇≀⊓√¬ {≀∇ }∇ ⟩\ ′ ⊔≀ ⇕⇐|⇒ ↖ ∞ }⌉\⌉∇⊣⊔⌉ ↙↙↙ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ }∇≀⊓√∅ ⊒⟨⌉∇⌉ m(j) = 2^{h−j} ↼24↽ corresponds to the number of building blocks in stage j▷ Since all white cells appear in the αrst and all colored cells in the second half of a building block two loops are used at the third level one for the white and one for the colored cells▷ white⌢cells. for w in 0 to w↼j↽◁2 1 generate ▷▷▷ end generate white⌢cells, colored⌢cells. for c in w↼j↽◁2 to w↼j↽ 1 generate ▷▷▷ end generate colored⌢cells, Here w(j) again denotes the building block size of stage j ↼Fig▷ 7↽▷ The complete pseudo code now is. generate square cells, preαx⌢stage. for j in 1 to h generate group. for gr in 0 to 2⇀⇀↼hj↽ 1 generate white⌢cells. for w in 0 to 2⇀⇀↼j1↽ 1 generate ▷▷▷ end generate white⌢cells, colored⌢cells. for c in 2⇀⇀↼j1↽ to 2⇀⇀j 1 generate ▷▷▷ end colored⌢cells, end generate group, end generate stage, generate triangle cells, No conditional signal assignments are used anymore since the white and the colored cells are generated in separate loops▷ Index calculations are simpler ↼no di vision operations↽ but involve three loop variables ↼j. preαx stage gr. building block within stage and w or c. cell within building block↽▷ The elaborated generator code for the SKLANSKY parallelpreαx stage using the second approach looks as follows. square⌢cells. ▷▷▷ preαx⌢stage. for j in 1 to h generate group. for gr in 0 to 2⇀⇀↼hj↽ 1 generate white⌢cells. for w in 0 to 2⇀⇀↼j1↽ 1 generate white⌢cell. if gr⇀2⇀⇀j ⇁ w < n generate g↼j⇀n ⇁ gr⇀2⇀⇀j ⇁ w↽ </ g↼↼j1↽⇀n ⇁ gr⇀2⇀⇀j ⇁ w↽, p↼j⇀n ⇁ gr⇀2⇀⇀j ⇁ w↽ </ p↼↼j1↽⇀n ⇁ gr⇀2⇀⇀j ⇁ w↽, end generate white⌢cell, end generate white⌢cells, colored⌢cells. for c in 2⇀⇀↼j1↽ to 2⇀⇀j 1 generate colored⌢cell.

if gr⇀2⇀⇀j ⇁ c < n generate g↼j⇀n ⇁ gr⇀2⇀⇀j ⇁ c↽ </ g↼↼j1↽⇀n ⇁ gr⇀2⇀⇀j ⇁ c↽ or ↼p↼↼j1↽⇀n ⇁ gr⇀2⇀⇀j ⇁ c↽ and g↼↼j1↽⇀n ⇁ gr⇀2⇀⇀j ⇁ 2⇀⇀↼j1↽ 1↽, p↼j⇀n ⇁ gr⇀2⇀⇀j ⇁ c↽ </ p↼↼j1↽⇀n ⇁ gr⇀2⇀⇀j ⇁ c↽ and p↼↼j1↽⇀n ⇁ gr⇀2⇀⇀j ⇁ 2⇀⇀↼j1↽ 1↽, end generate colored⌢cell, end generate colored⌢cells, end generate group, end generate preαx⌢stage triangle⌢cells. ▷▷▷ Here the description of the adder again reβects the three stages of preprocessing parallelpreαx calcula tion and postprocessing▷ The two conditions white⌢cell. if gr⇀2⇀⇀j ⇁ w < n generate colored⌢cell. if gr⇀2⇀⇀j ⇁ c < n generate appearing in the code above cut the building blocks down to the word length n▷ Again a VHDL netlist generator for BRENT and KUNGφs preαx algorithm can be written using the same principles resulting in a similar code▷ It is slightly more complex however because BRENT and KUNGφs pre αx algorithm requires two different types of building blocks▷ The simpler index calculations and the absence of any division operations in this second approach resulted in a VHDL generator code which was synthesizable efαciently on both software platforms used▷ 4▷4 Subtraction Comparison Addition Flags Subtraction and generation of various addition βags are often required as well▷ The basic addition βags are. V . occurrence of an overβow N. the sign of the result S ↼signed1↽ C. ↼= c_{out}↽ A is lower than B ↼unsigned↽ LT . A is less than B ↼signed↽ Z. the result S is zero▷ The adaption of a given adder structure for subtraction or for βag generation is quite simple and requires only little additional logic with the exception of fast zero detection▷ 1All signed numbers in this context are 2φs complement numbers▷ Note that unsigned and 2φs complement numbers are treated exactly the same in binary addition▷

4▷4▷1 Subtraction Given an nbit adder (c_{out}, S) = add(A, B, c_{in}) (25) where A B and S are nbit binary numbers of either unsigned or 2φscomplement form an ordinary addition A + B is calculated as (c_{out}, S) = add(A, B, 0) (26) Subtraction A − B is realized by inverting all bits of the operand B and adding a one ↼i▷e▷ c_{in} = 1): (c_{out}, S) = add(A, B, 1) (27) An adder/subtractor can be realized by conditionally inverting all operand bits of B by an additional level of XORgates▷ 4▷4▷2 Overβow Flag V For unsigned addition an overβow can simply be de tected by testing the carryout c_{out}▷ For signed addition the overβow βag is computed as V = c_{n−∞} ⊕ c_{n−∈} ⇐∈∀⇒ S⟩\⌋⌉ ⊔⟨⌉ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ √⊣∇⊣↕↕⌉↕↖√∇⌉⊘§ ⊣⌈⌈⌉∇∫ }⌉\⌉∇⊣⊔⌉ ⊔⟨⌉ ⊘\⊣↕ ⌋⊣∇∇⟩⌉∫ {≀∇ ⊣↕↕ ⌊⟩⊔ √≀∫⟩⊔⟩≀\∫ ⇐⟩↙⌉↙ ⊣↕∫≀ c n−∈⇒⇔ ⊔⟨⌉ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ≀{ ⊔⟨⟩∫ ⊙⊣} ∇⌉∐⊓⟩∇⌉∫ ≀\↕† ≀\⌉ ⊣⌈⌈⟩⊔⟩≀\⊣↕ XOR↖}⊣⊔⌉↙

△↙△↙∋ S⟩}\ F↕⊣} N A sign bit only makes sense if signed operands are used▷ In that case the sign βag is simply the MSB N = s_{n−∞} ⇐∈∃⇒ ≀{ ⊔⟨⌉ ∇⌉∫⊓↕⊔ S▷ 4▷4▷4 φLess Thanφ Flag LT The φless thatφ ↼signed↽ and φlower thanφ ↼unsigned↽ βags are only valid after performing a subtraction▷ The φlower thanφ bit for unsigned operands is simply the carryout c_{out}▷ The φless thanφ βag for signed addition is LT = N ⊕ V ↼30↽ 4▷4▷5 Zero Flag Z Zero detection on the addition result S is very simple according to the following logic formula. Z = s0+ · · · + s_{n−∞} ⇐∋∞⇒ ∞∞

∫⌋⟨⌉⇕⊣↙⌉√∫ ̸× ∃∈ ⇕⇕ √⊣∇⊣↕↕⌉↕ √∇⌉⊘§ ⌋⊣↕⌋⊓↖ ↕⊣⊔⟩≀\

√√∫⟨↕

√√∫⊓⇕ c_{out} ppa sk adder ppa bk adder postpro cessing

S N LT V ppa sk◁ppa bk

A B SUB c_{in}

Z prepro cessing not

ppgpgen

fac0

xor

xor

Figure 10. Schematic of a universal adder◁subtractor with βag generation▷

This computation however is rather slow since eval uation has to wait until the addition result is stable▷ Another approach does without carrypropagation and results in much faster zero βag generation ♭10♯▷ In a αrst step a zero βag z i is generated for each bit position i by examining the bits i and i − ∞↙ T⟨⌉∫⌉ ⊙⊣}∫ ⊣∇⌉ ⊔⟨⌉\ ⌋≀⇕⌊⟩\⌉⌈ ⊔≀ ⊔⟨⌉ ⊘\⊣↕ ‡⌉∇≀ ⊙⊣} Z▷ The underlying equations are v_i = a_i + b_i (0 ≤ i < n − ∞) z0 = ¬ ⇐p0⊕ c_{in}↽ z_i = ¬ ( v_{i−∞} ⊕ p_i ) (1 ≤ i < n) Z = z0· · · z_{n−∞} ⇐∋∈⇒ △↙▽ A⌈⌈⌉∇∝S⊓⌊⊔∇⊣⌋⊔≀∇ G⌉\⌉∇⊣⊔≀∇ P⊓⊔⊔⟩\} ⌉⊑⌉∇†⊔⟨⟩\} ⊔≀}⌉⊔⟨⌉∇ ∇⌉∫⊓↕⊔∫ ⟩\ ⊣ \⌉⊔↕⟩∫⊔ }⌉\⌉∇↖ ⊣⊔≀∇ {≀∇ ⊔⟨⌉ ⊓\⟩⊑⌉∇∫⊣↕ ⊣⌈⌈⌉∇∝∫⊓⌊⊔∇⊣⌋⊔≀∇ ⊒⟩⊔⟨ ⊙⊣} }⌉\⌉∇⊣↖ ⊔⟩≀\ ⌈⌉√⟩⌋⊔⌉⌈ ⟩\ F⟩}↙ ∞′↙ A∫ ⊒⊣∫ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉⌈ ⟩⊔ ⟩∫ √≀∫↖ ∫⟩⌊↕⌉ ⊔≀ ∇⌉⊣↕⟩‡⌉ ⊔⟨⌉ ⌉\⊔⟩∇⌉ }⌉\⌉∇⊣⊔≀∇ ⟩\ ∫⊔∇⊓⌋⊔⊓∇⊣↕ VHDL↙ H≀⊒⌉⊑⌉∇⇔ ⌊† ⊣⌈⌈⟩\} ⇕≀∇⌉ ⊙⌉§⟩⌊⟩↕⟩⊔† ∘ ∫⊓⌋⟨ ⊣∫ ∫⌉↕⌉⌋⊔⟩≀\ ≀{ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ⌋⟩∇⌋⊓⟩⊔ {⌉⊣⊔⊓∇⌉∫ ⌊† ⊔⟨⌉ ⊓∫⌉∇ ∘ ⊔⟨⌉ ∇⌉⊣↕⟩‡⊣↖ ⊔⟩≀\ ⌊⌉⌋≀⇕⌉∫ ⊑⌉∇† ⌋⟩∇⌋⊓⇕∫⊔⊣\⊔⟩⊣↕ ⊣\⌈ ⊔⟨⌉ ⟩\⊔⌉∇{⊣⌋⌉ ∇⊣⊔⟨⌉∇ ⊓\{∇⟩⌉\⌈↕† ⟩{ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ ⌉\⊔⟩∇⌉↕† ⟩\ VHDL↙ A\≀⊔⟨⌉∇ ⊣√√∇≀⊣⌋⟨ ⊓∫⟩\} ⊔⟨⌉ P⌉∇↕ ∫⌋∇⟩√⊔ ↕⊣\}⊓⊣}⌉ ∪∞∞⊎ ⊒⊣∫ ⊓∫⌉⌈ ⟩\∫⊔⌉⊣⌈↙ T⟨⌉ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ ∫⌋∇⟩√⊔ }⌉\⌉∇⊣⊔⌉∫ ⊔⟨⌉ ⊔≀√↖↕⌉⊑⌉↕ VHDL ⌋≀⌈⌉ ⊒⟩⊔⟨ ⊣↕↕ ⊔⟨⌉ ⊓∫⌉∇↖∫⌉↕⌉⌋⊔⌉⌈ {⌉⊣⊔⊓∇⌉∫↙ T⊒≀

⌉§⊣⇕√↕⌉∫ ≀{ ⌋≀⌈⌉ }⌉\⌉∇⊣⊔⌉⌈ ⌊† ⊔⟨⟩∫ P⌉∇↕ ∫⌋∇⟩√⊔ ⊣∇⌉ {≀⊓\⌈ ⟩\ A√√⌉\⌈⟩§ B↙ T⟨⌉ VHDL ⌋≀⌈⌉ ≀{ ⊔⟨⌉ ⌊↕≀⌋‖∫ ⌈⌉√⟩⌋⊔⌉⌈ ⟩\ ⊔⟨⌉ ∫⌋⟨⌉⇕⊣⊔⟩⌋ ≀{ F⟩}↙ ∞′ ⊣∇⌉ {≀⊓\⌈ ⟩\ A√√⌉\⌈⟩§ A↙ N≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⌉ \⊣⇕⌉∫ ⊓∫⌉⌈ ⟩\ ⊔⟨⌉ ⌋≀⌈⌉ ⊣∇⌉ \≀⊔ ⌋≀\∫⟩∫⊔⌉\⊔ ⊒⟩⊔⟨ ⊔⟨⌉ \⊣⇕⌉∫ ⊓∫⌉⌈ ⟩\ ⊔⟨⌉ ⊔⌉§⊔↙

▽ R⌉∫⊓↕⊔∫

I⊔ ⊒⊣∫ √≀∫∫⟩⌊↕⌉ ⊔≀ ⟩⇕√↕⌉⇕⌉\⊔ \⌉⊔↕⟩∫⊔ }⌉\⌉∇⊣⊔≀∇∫ ⟩\ ∫⊔∇⊓⌋↖ ⊔⊓∇⊣↕ VHDL {≀∇ ⊔⊒≀ ⟨⟩}⟨↖√⌉∇{≀∇⇕⊣\⌋⌉ ⊣⌈⌈⌉∇ ∫⊔∇⊓⌋⊔⊓∇⌉∫ ⟩\ ⊣ √⊣∇⊣⇕⌉⊔⌉∇⟩‡⌉⌈ {⊣∫⟨⟩≀\↙ O\↕† ⊔⟨⌉ ∫⌉⌋≀\⌈ ⊣√√∇≀⊣⌋⟨ ⊓∫⟩\} ⊣ ⇕≀∇⌉ ∫≀√⟨⟩∫⊔⟩⌋⊣⊔⌉⌈ }∇⊣√⟨ ⊔∇⊣⊑⌉∇∫⟩\} ∫⌋⟨⌉⇕⌉ ∇⌉↖ ∫⊓↕⊔⌉⌈ ⟩\ ⌉{⊘⌋⟩⌉\⊔↕† ∫†\⊔⟨⌉∫⟩‡⊣⌊↕⌉ }⌉\⌉∇⊣⊔≀∇ ⌋≀⌈⌉↙ T⟨⟩∫ ↕⌉⊣⌈∫ ⊓∫ ⊔≀ ⊔⟨⌉ ⌋≀\⌋↕⊓∫⟩≀\ ⊔⟨⊣⊔⇔ ⊣⊔ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ∫⊔⊣⊔⊓∫ ≀{ ∫†\⊔⟨⌉∫⟩∫ ⊔≀≀↕∫⇔ ⊔⟨⌉ √⊣∇⊣⇕⌉⊔⌉∇⟩‡⌉⌈ ∫⊔∇⊓⌋⊔⊓∇⊣↕ ⌈⌉∫⌋∇⟩√⊔⟩≀\ ≀{ ⊣∇⌊⟩⊔∇⊣∇† ⌋⟩∇⌋⊓⟩⊔∫ ⟩\ VHDL ⟩∫ \≀⊔ ⊣ √∇⟩≀∇⟩ √≀∫∫⟩⌊↕⌉↙ D⊓⌉ ⊔≀ ∫≀⇕⌉ {⊓\⌈⊣⇕⌉\⊔⊣↕ ↕⟩⇕⟩⊔⊣⊔⟩≀\∫ ≀{ ⊔≀⌈⊣†≃∫ ∫†\↖ ⊔⟨⌉∫⟩∫ ⊔≀≀↕∫ ⊣∫ ⊒⌉↕↕ ⊣∫ ≀{ ⊔⟨⌉ VHDL ↕⊣\}⊓⊣}⌉ ⟩⊔∫⌉↕{⇔ \≀⊔ ⊔⟨⌉ ⌉\⊔⟩∇⌉ ⊙⌉§⟩⌊⟩↕⟩⊔† ⌈⌉∫⟩∇⌉⌈ {≀∇ ∇⌉⊣↕⟩‡⊣⊔⟩≀\ ≀{ ⌋⊓∫⊔≀⇕⟩‡⌉⌈ ⊣⌈⌈⌉∇ ⌋⟩∇⌋⊓⟩⊔∫ ⌋⊣\ ⌊⌉ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ ⟩\ ∫⊔∇⊓⌋⊔⊓∇⊣↕ VHDL ⌉{⊘⌋⟩⌉\⊔↕†↙ A\ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ↕⌉⊑⌉↕ ⟨⊣⌈ ⊔≀ ⌊⌉ ⟩\⌋≀∇√≀∇⊣⊔⌉⌈ ⟩\⊔≀ ⊔⟨⌉ ⌋⟩∇⌋⊓⟩⊔ }⌉\⌉∇⊣⊔⟩≀\ √∇≀⌋⌉∫∫⇔ ⟩\↖ ∫⊔⌉⊣⌈↙ T⟨⟩∫ ∫⊔⌉√ ⊒⊣∫ ∇⌉⊣↕⟩‡⌉⌈ ⊓∫⟩\} ⊣ P⌉∇↕ ∫⌋∇⟩√⊔ ⊒⟨⟩⌋⟨ }⌉\⌉∇⊣⊔⌉∫ ⊔⟨⌉ ⊔≀√↖↕⌉⊑⌉↕ VHDL ⊔⌉⇕√↕⊣⊔⌉∫ ⟩\⌋↕⊓⌈⟩\} ⊔⟨⌉ ⌋⊓∫⊔≀⇕⟩‡⌉⌈ ⌋⟩∇⌋⊓⟩⊔ ⟩\⊔⌉∇{⊣⌋⌉ ⊣\⌈ ⊔⟨⌉ ⊓∫⌉∇↖∫⌉↕⌉⌋⊔⌉⌈ ⊣⌈⌈⌉∇ {⌉⊣⊔⊓∇⌉∫↙

̸E§√⌉∇⟩⌉\⌋⌉∫

O\⌉ ≀{ ⊔⟨⌉ ⇕⊣|≀∇ }≀⊣↕∫ ≀{ ⊔⟨⟩∫ ⊒≀∇‖ ⊒⊣∫ ⊔⟨⌉ ⌉§√↕≀∇⊣⊔⟩≀\ ≀{ ⊔⟨⌉ √≀∫∫⟩⌊⟩↕⟩⊔⟩⌉∫ {≀∇ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ≀{ ⌋⟩∇⌋⊓⟩⊔ }⌉\⌉∇↖ ⊣⊔≀∇∫ ⟩\ ∫⊔∇⊓⌋⊔⊓∇⊣↕ VHDL↙ F∇≀⇕ ⊣ ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕ √≀⟩\⊔ ≀{ ⊑⟩⌉⊒⇔ \≀ {⊓\⌈⊣⇕⌉\⊔⊣↕ ↕⟩⇕⟩⊔⊣⊔⟩≀\∫ ⌉§⟩∫⊔ ⟩\ VHDL ⊒⟨⟩⌋⟨ ⊒≀⊓↕⌈ ⌈⟩∫⊣↕↕≀⊒ ⊔⟨⌉ √⊣∇⊣⇕⌉⊔⌉∇⟩‡⌉⌈ ⌈⌉∫⌋∇⟩√⊔⟩≀\ ≀{ ⊣∇⌊⟩↖ ⊔∇⊣∇† ⌋⟩∇⌋⊓⟩⊔∫↙ I\ ∇⌉⊣↕⟩⊔† ⊣\⌈ ⊓\⌈⌉∇ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\ ≀{ ∫⊔⊣⊔⌉↖≀{↖⊔⟨⌉↖⊣∇⊔ ∫†\⊔⟨⌉∫⟩∫ ⊔≀≀↕∫ ⇐⟩\ ≀⊓∇ ⌋⊣∫⌉ √∇⟩⇕⊣∇⟩↕† C≀⇕√⊣∫∫⇔ ⌊⊓⊔ ⊣↕∫≀ S†\≀√∫†∫⇒⇔ ⟨≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⌉∫∫⌉\⊔⟩⊣↕ ⌈⌉⊘⌋⟩⌉\⌋⟩⌉∫ ⊒⌉∇⌉ ∫⟨≀⊒⟩\} ⊓√¬ • F⊓\⌋⊔⟩≀\ ⌋⊣↕↕∫ ⊣∇⌉ \≀⊔ ⊣↕↕≀⊒⌉⌈ ⟩\ ⌋≀\∫⊔⊣\⊔ ⌈⌉⌋↖ ↕⊣∇⊣⊔⟩≀\∫ ⊣\⌈ ⌋≀\∫⊔⊣\⊔ ⌉§√∇⌉∫∫⟩≀\∫ ≀{ }⌉\⌉∇⊣⊔⌉↖ ∫⊔⊣⊔⌉⇕⌉\⊔∫ ⇐C≀⇕√⊣∫∫ A∫⟩⌋S†\⊔⟨⌉∫⟩‡⌉∇⇒↙ A∫ ⊣ ⌋≀\↖ ∫⌉∐⊓⌉\⌋⌉⇔ ⊔⟨⌉ ⌈⌉√⊔⟨ ≀{ ⊔⟨⌉ √⊣∇⊣↕↕⌉↕↖√∇⌉⊘§ ∫⊔⊣}⌉ ⇐⊒⟨⟩⌋⟨ ⟩∫ ⊔⟨⌉ ↕≀}⊣∇⟩⊔⟨⇕ ≀{ ⊔⟨⌉ ⊒≀∇⌈ ↕⌉\}⊔⟨⇒ ⌋⊣\↖ \≀⊔ ⌊⌉ ⌋⊣↕⌋⊓↕⊣⊔⌉⌈ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ VHDL ⌋≀⌈⌉ ⌊⊓⊔ ⟨⊣∫ ⊔≀ ⌊⌉ }⟩⊑⌉\ ⊣⊔ ⊔⟨⌉ ⟩\∫⊔⊣\⊔⟩⊣⊔⟩≀\ ⊔⟨∇≀⊓}⟨ ⊣ }⌉\⌉∇⟩⌋ √⊣↖ ∇⊣⇕⌉⊔⌉∇↙ T⟨⟩∫ √∇≀⌊↕⌉⇕ ⟩∫ \≀⊔ √∇⌉∫⌉\⊔ ⟩\ S†\≀√∫†∫↙ • O\ ≀\⌉ ⟨⊣\⌈⇔ ⊣∇⟩⊔⟨⇕⌉⊔⟩⌋ ⊣\⌈ ↕≀}⟩⌋ ≀√⌉∇⊣⊔⟩≀\∫ ⊣∇⌉ ⊓∫⌉⌈ ⊔≀ ⌈⌉∫⌋∇⟩⌊⌉ ⊣ ⌋⟩∇⌋⊓⟩⊔≃∫ ⌊⌉⟨⊣⊑⟩≀∇ ⊣\⌈ ⊔⟨⊓∫ ⟨⊣⊑⌉ ⊔≀ ⌊⌉ ∫†\⊔⟨⌉∫⟩‡⌉⌈↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ⊔⟨⌉∫⌉ ≀√⌉∇⊣↖ ⊔⟩≀\∫ ⊣∇⌉ ⊣↕∫≀ ⊓∫⌉⌈ ⟩\ ⟩\⌈⌉§ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\∫ ⊣\⌈ ⌋≀\⊔∇≀↕ ∞∈

∫⊔⊣⊔⌉⇕⌉\⊔∫ ⇐⟩↙⌉↙ ⌋≀\⌈⟩⊔⟩≀\ ⊣\⌈ ⟩\⊔⌉∇⊑⊣↕ ⌉§√∇⌉∫∫⟩≀\∫ ≀{ }⌉\⌉∇⊣⊔⌉↖∫⊔⊣⊔⌉⇕⌉\⊔∫⇒⇔ ⊒⟨⌉∇⌉ ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\∫ ⊣∇⌉ ⌉⊑⊣↕⊓⊣⊔⌉⌈ ≀\⌋⌉ ⌈⊓∇⟩\} ∫†\⊔⟨⌉∫⟩∫ ⊣\⌈ ⌈≀ \≀⊔ ∇⌉√∇⌉↖ ∫⌉\⊔ ⊣\† ↕≀}⟩⌋ ⊔≀ ⌊⌉ ∫†\⊔⟨⌉∫⟩‡⌉⌈↙ A√√⊣∇⌉\⊔↕†⇔ ⊔⟨⌉∫⌉ ⊔⊒≀ √≀∫∫⟩⌊↕⌉ ≀⌋⌋⊓∇∇⌉\⌋⌉∫ ≀{ ⊣∇⟩⊔⟨⇕⌉⊔⟩⌋∝↕≀}⟩⌋ ≀√⌉∇⊣↖ ⊔⟩≀\∫ ⊣∇⌉ \≀⊔ √∇≀√⌉∇↕† ⌈⟩∫⊔⟩\}⊓⟩∫⟨⌉⌈ ⟩\ ⊔≀⌈⊣†≃∫ ∫†\↖ ⊔⟨⌉∫⟩∫ ⊔≀≀↕∫↙ T⟨⌉ ⊓∫⊣}⌉ ≀{ ⌋≀⇕√↕⌉§ ⊣∇⟩⊔⟨⇕⌉⊔⟩⌋ ≀√⌉∇↖ ⊣⊔⟩≀\∫ ⟩\ ∫†\⊔⟨⌉∫⟩∫ ⌋≀\⊔∇≀↕ ∫⊔⊣⊔⌉⇕⌉\⊔∫ ↕⌉⊣⌈∫ ⊔≀ ⊓\⊣⌋↖ ⌋⌉√⊔⊣⌊↕† ⟨⟩}⟨ ∫†\⊔⟨⌉∫⟩∫ ∇⊓\⊔⟩⇕⌉∫ ≀∇⇔ ⌉⊑⌉\ ⊒≀∇∫⌉⇔ ⟩∫ ∇⌉∫⊔∇⟩⌋⊔⌉⌈↙ A∫ ⊣\ ⌉§⊣⇕√↕⌉⇔ C≀⇕√⊣∫∫ ⌈≀⌉∫ \≀⊔ ⊣↕↕≀⊒ ⌈⟩⊑⟩∫⟩≀\ ≀√⌉∇⊣⊔⟩≀\∫ ⊒⟩⊔⟨⟩\ ⊣∇∇⊣† ⟩\⌈⌉§ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\∫ ⊣\⌈ ⌋≀\∫⊔⊣\⊔ ⌉§√∇⌉∫∫⟩≀\∫ ≀{ }⌉\⌉∇⊣⊔⌉↖∫⊔⊣⊔⌉⇕⌉\⊔∫⇔ ⊒⟨⟩⌋⟨ ⟩∫ ⊣ ∫⌉⊑⌉∇⌉ ⌊⊓⊔ \≀⊔ ⇕⊣\⌈⊣⊔≀∇† ↕⟩⇕⟩⊔⊣⊔⟩≀\ ⇐\≀ ∫⊓⌋⟨ ∇⌉∫⊔∇⟩⌋⊔⟩≀\ ⌉§⟩∫⊔∫ ⟩\ S†\≀√∫†∫⇒↙ T⟨⌉ ∫⌉⌋≀\⌈ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⊣√√∇≀⊣⌋⟨ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ⊔⟨⟩∫ ∇⌉√≀∇⊔ ⊒⊣∫ ⌋⟨≀∫⌉\ ⊔≀ ⌋⟩∇⌋⊓⇕⊑⌉\⊔ ⊔⟨⟩∫ ⌈⌉⊘⌋⟩⌉\⌋†↙ S⊓⌋⟨ ⊣ ⊒≀∇‖↖⊣∇≀⊓\⌈⇔ ⟨≀⊒⌉⊑⌉∇⇔ ⌈≀⌉∫ \≀⊔ ⊣↕⊒⊣†∫ ⌉§⟩∫⊔↙ • A∫ ⊣ }⌉\⌉∇⊣↕ ≀⌊∫⌉∇⊑⊣⊔⟩≀\⇔ ∫†\⊔⟨⌉∫⟩∫ ≀{ √⊣∇⊣⇕⌉⊔⌉∇↖ ⟩‡⌉⌈ ∫⊔∇⊓⌋⊔⊓∇⊣↕ VHDL ⌋≀⌈⌉ ∫⌉⌉⇕∫ ⊔≀ ⌊⌉ ⇕⊓⌋⟨ ↕⌉∫∫ ∇⊓\⊔⟩⇕⌉ ⌉{⊘⌋⟩⌉\⊔ ⊔⟨⊣\ ∫†\⊔⟨⌉∫⟩∫ ≀{ ⊘§⌉⌈ ⌋≀⌈⌉↙ A⌈⌈⟩⊔⟩≀\⊣↕↕†⇔ ⊔⟨⌉ ∇⌉⊣↕⟩‡⊣⊔⟩≀\ ≀{ ⊙⌉§⟩⌊↕⌉ \⌉⊔↕⟩∫⊔ }⌉\↖ ⌉∇⊣⊔≀∇∫ ⟩∫ ⌋⟩∇⌋⊓⇕∫⊔⊣\⊔⟩⊣↕ ⟩{ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ {⊓↕↕† ⟩\ ∫⊔∇⊓⌋↖ ⊔⊓∇⊣↕ VHDL⇔ ⌉⊑⌉\ ⟩{ ⊔⟨⌉ ⊣⌊≀⊑⌉ ↕⟩⇕⟩⊔⊣⊔⟩≀\∫ ⊣∇⌉ \⌉}↕⌉⌋⊔⌉⌈↙ F∇≀⇕ ⊣↕↕ ⊔⟨⌉∫⌉ ≀⌊∫⌉∇⊑⊣⊔⟩≀\∫ ⊒⌉ ⌋⊣\ ⌋≀\⌋↕⊓⌈⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⇕≀∫⊔ √∇≀⇕⟩∫⟩\} ⊣√√∇≀⊣⌋⟨ {≀∇ ⟩⇕√↕⌉⇕⌉\⊔⟩\} ⊙⌉§⟩⌊↕⌉ ⊣∇⟩⊔⟨⇕⌉⊔⟩⌋ ⌋⟩∇⌋⊓⟩⊔ }⌉\⌉∇⊣⊔≀∇∫ ⟩∫ ⊣ ⊔⊒≀↖↕⌉⊑⌉↕ ⊣√√∇≀⊣⌋⟨↙ I\ ⊔⟨⌉ ⊘∇∫⊔ ↕⌉⊑⌉↕ ⊣ ⌋≀\⊑⌉\⊔⟩≀\⊣↕ √∇≀}∇⊣⇕⇕⟩\} ↕⊣\}⊓⊣}⌉ ⟩∫ ⊓∫⌉⌈ {≀∇ }⌉\⌉∇⊣⊔⟩\} ⊘§⌉⌈ ≀∇ ⊒⌉⊣‖↕† √⊣∇⊣⇕⌉⊔⌉∇⟩‡⌉⌈ ∫⊔∇⊓⌋⊔⊓∇⊣↕ VHDL ⌋≀⌈⌉↙ T⟨⟩∫ ⌋≀⌈⌉ ⟩∫ ⊔⟨⌉\ ⊓∫⌉⌈ ⊣∫ ⟩\√⊓⊔ ⊔≀ ⊣⌋⊔⊓⊣↕ ⟨⊣∇⌈⊒⊣∇⌉ ∫†\⊔⟨⌉∫⟩∫ ⟩\ ⊔⟨⌉ ∫⌉⌋≀\⌈ ↕⌉⊑⌉↕↙ N≀⊔⌉ ⊔⟨⊣⊔ ⊔⟨⟩∫ ⊣√√∇≀⊣⌋⟨ ⊣↕∫≀ ⊣↕↕≀⊒∫ ⊔⟨⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ≀{ ⊣ ∫≀√⟨⟩∫⊔⟩⌋⊣⊔⌉⌈ ⊓∫⌉∇ ⟩\⊔⌉∇{⊣⌋⌉ {≀∇ ⌉⊣∫† ⊣⌋⌋⌉∫∫ ≀{ ⊣ ⌋≀⇕√∇⌉↖ ⟨⌉\∫⟩⊑⌉ ⊣\⌈ ⊙⌉§⟩⌊↕⌉ ⌋⟩∇⌋⊓⟩⊔ ⌋≀⇕√≀\⌉\⊔∫ ↕⟩⌊∇⊣∇†↙

C≀\⌋↕⊓∫⟩≀\∫ N⌉⊔↕⟩∫⊔ }⌉\⌉∇⊣⊔≀∇∫ {≀∇ ⟨⟩}⟨↖√⌉∇{≀∇⇕⊣\⌋⌉ ⊣⌈⌈⌉∇∫ ⊒⌉∇⌉ ∇⌉↖ ⊣↕⟩‡⌉⌈ ⊓∫⟩\} ⊣ ⌋≀⇕⌊⟩\⊣⊔⟩≀\ ≀{ ⌉{⊘⌋⟩⌉\⊔ ⊣\⌈ ⊙⌉§⟩⌊↕⌉ P⌉∇↕ ∫⌋∇⟩√⊔∫ ⊣\⌈ ⊣ ∫⌉⊔ ≀{ ∫†\⊔⟨⌉∫⟩‡⊣⌊↕⌉ ⊣\⌈ √⊣∇⊣⇕⌉⊔⌉∇⟩‡⌉⌈ ∫⊔∇⊓⌋⊔⊓∇⊣↕ VHDL ⌋≀⌈⌉ ⌉\⊔⟩⊔⟩⌉∫↙ S⊓⌊⊔∇⊣⌋⊔≀∇∫ ⊣\⌈ ⊣⌈⌈⌉∇∫ ⊒⟩⊔⟨ ⊑⊣∇⟩≀⊓∫ ⊣⌈⌈⟩⊔⟩≀\ ⊙⊣}∫ ⊣∇⌉ ⟩\⌋↕⊓⌈⌉⌈ ⊣∫ ⊒⌉↕↕↙ V⊣↕⊓⊣⌊↕⌉ ⌉§√⌉∇⟩⌉\⌋⌉∫ ⊒⌉∇⌉ ⇕⊣⌈⌉ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ √⊣∇⊣↖ ⇕⌉⊔⌉∇⟩‡⌉⌈ ∫⊔∇⊓⌋⊔⊓∇⊣↕ VHDL ⊣\⌈ ⊔⟨⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ≀{ \⌉⊔↕⟩∫⊔ }⌉\⌉∇⊣⊔≀∇∫↙ B⊣∫⌉⌈ ≀\ ⊔⟨⌉ ‖\≀⊒↕⌉⌈}⌉ }⊣⟩\⌉⌈⇔ ⊔⟨⌉ ∇⌉⊣↕⟩‡⊣⊔⟩≀\ ≀{ ⊣ ⌋≀⇕√∇⟩∫⟩\} \⌉⊔↕⟩∫⊔ }⌉\⌉∇⊣⊔≀∇ ↕⟩⌊∇⊣∇† {≀∇ ⊣∇⟩⊔⟨⇕⌉⊔⟩⌋ ⌋≀⇕√≀\⌉\⊔∫ ⟩∫ √↕⊣\\⌉⌈ {≀∇ ⊔⟨⌉ \⌉⊣∇ {⊓⊔⊓∇⌉↙

R⌉{⌉∇⌉\⌋⌉∫ ∪∞⊎ J↙ S‖↕⊣\∫‖†⇔ ⊖A\ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ≀{ ∫⌉⊑⌉∇⊣↕ ⊔⊒≀↖ ∫⊓⇕⇕⊣\⌈ ⌊⟩\⊣∇† ⊣⌈⌈⌉∇∫⪰⇔ IRE T∇⊣\∫↙ E↕⌉⌋⊔∇≀\↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ EC↖∃⇔ \≀↙ ⇎ √√↙ ∈∞∋∘∈∈⇎J⊓\⌉ ∞∃′̸↙ ∪∈⊎ P↙ M↙ K≀}}⌉ ⊣\⌈ H↙ S↙ S⊔≀\⌉⇔ ⊖A √⊣∇⊣↕↕⌉↕ ⊣↕}≀↖ ∇⟩⊔⟨⇕ {≀∇ ⊔⟨⌉ ⌉{⊘⌋⟩⌉\⊔ ∫≀↕⊓⊔⟩≀\ ≀{ ⊣ }⌉\⌉∇⊣↕ ⌋↕⊣∫∫ ≀{ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌉∐⊓⊣⊔⟩≀\∫⪰⇔ IEEE T∇⊣\∫↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ ∈∈⇔ \≀↙ ∀⇔ √√↙ ∀∋∘∃∞⇔ A⊓}↙ ∞∃∋↙ ∪∋⊎ R↙ E↙ L⊣⌈\⌉∇ ⊣\⌈ M↙ J↙ F⟩∫⌋⟨⌉∇⇔ ⊖P⊣∇⊣↕↕⌉↕ √∇⌉⊘§ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⪰⇔ J↙ ACM⇔ ⊑≀↕↙ ∈⇔ \≀↙ △⇔ √√↙ ∀∋∞∘ ∀∋∀⇔ O⌋⊔↙ ∞∃∀′↙ ∪△⊎ R↙ P↙ B∇⌉\⊔ ⊣\⌈ H↙ T↙ K⊓\}⇔ ⊖A ∇⌉}⊓↕⊣∇ ↕⊣†≀⊓⊔ {≀∇ √⊣∇⊣↕↕⌉↕ ⊣⌈⌈⌉∇∫⪰⇔ IEEE T∇⊣\∫↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ ∋∞⇔ \≀↙ ∋⇔ √√↙ ∈′̸∘∈△̸⇔ M⊣∇↙ ∞∃∀∈↙ ∪▽⊎ T↙ H⊣\ ⊣\⌈ D↙ A↙ C⊣∇↕∫≀\⇔ ⊖F⊣∫⊔ ⊣∇⌉⊣↖⌉{⊘⌋⟩⌉\⊔ VLSI ⊣⌈⌈⌉∇∫⪰⇔ ⟩\ P∇≀⌋↙ ∀⊔⟨ C≀⇕√⊓⊔⌉∇ A∇⟩⊔⟨⇕⌉⊔⟩⌋ S†⇕√↙⇔ C≀⇕≀⇔ M⊣† ∞∃∀⇔ √√↙ △∃∘▽↙̸ ∪⊎̸ H↙ L⟩\⌈‖⊑⟩∫⊔ ⊣\⌈ P↙ A\⌈⌉∇∫∫≀\⇔ ⊖T⌉⌋⟨\⟩∐⊓⌉∫ {≀∇ {⊣∫⊔ CMOS↖⌊⊣∫⌉⌈ ⌋≀\⌈⟩⊔⟩≀\⊣↕ ∫⊓⇕ ⊣⌈⌈⌉∇∫⪰⇔ ⟩\ P∇≀⌋↙ IEEE I\⊔↙ C≀\{↙ C≀⇕√⊓⊔↙ D⌉∫⟩}\¬ VLSI ⟩\ C≀⇕√⊓⊔⌉∇∫ ⊣\⌈ P∇≀⌋⌉∫∫≀∇∫⇔C⊣⇕⌊∇⟩⌈}⌉⇔ USA⇔ O⌋⊔↙ ∞∃∃△⇔ √√↙ ∉∘̸∌▽↙ ∪⊎ J↙ S‖↕⊣\∫‖†⇔ ⊖C≀\⌈⟩⊔⟩≀\⊣↕ ∫⊓⇕ ⊣⌈⌈⟩⊔⟩≀\ ↕≀}⟩⌋⪰⇔ IRE T∇⊣\∫↙ E↕⌉⌋⊔∇≀\↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ EC↖∃⇔ \≀↙ ⇎ √√↙ ∈∈∘̸∈∋∞⇔ J⊓\⌉ ∞∃′̸↙ ∪∀⊎ IEEE S⊔⌈ ∞′↖̸∞∃∀⇔ IEEE S⊔⊣\⌈⊣∇⌈ VHDL L⊣\↖ }⊓⊣}⌉ R⌉{⌉∇⌉\⌋⌉ M⊣\⊓⊣↕⇔ ∞∃∀↙ ∪∃⊎ Z↙ N⊣⊑⊣⌊⟩⇔ VHDL A\⊣↕†∫⟩∫ ⊣\⌈ M≀⌈⌉↕⟩\} ≀{ D⟩}⟩↖ ⊔⊣↕ S†∫⊔⌉⇕∫⇔ M⌋G∇⊣⊒↖H⟩↕↕⇔ N⌉⊒ Y≀∇‖⇔ ∞∃∃∋↙ ∪∞′⊎ J↙ C≀∇⊔⊣⌈⌉↕↕⊣ ⊣\⌈ J↙ M↙ L↕⊣⌊⌉∇⟩⊣⇔ ⊖E⊑⊣↕⊓⊣⊔⟩≀\ ≀{ A ⇓ B ℑ K ⌋≀\⌈⟩⊔⟩≀\∫ ⊒⟩⊔⟨≀⊓⊔ ⌋⊣∇∇† √∇≀√⊣}⊣⊔⟩≀\⪰⇔ IEEE T∇⊣\∫↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ △∞⇔ \≀↙ ∞∞⇔ √√↙ ∞△∀△∘ ∞△∀∀⇔ N≀⊑↙ ∞∃∃∈↙ ∪∞∞⊎ L↙ W⊣↕↕ ⊣\⌈ R↙ L↙ S⌋⟨⊒⊣∇⊔‡⇔ P∇≀}∇⊣⇕⇕⟩\} P⌉∇↕⇔ O≃R⌉⟩↕↕† ↘ A∫∫≀⌋⟩⊣⊔⌉∫⇔ S⌉⌊⊣∫⊔≀√≀↕⇔ CA⇔ ∞∃∃∞↙

∞∋

A L⟩∫⊔⟩\}∫ A↙∞ √√⊣ ∫‖ ⊣⌈⌈⌉∇ ⌉\⊔⟩⊔† √√⊣∨∫‖∨⊣⌈⌈⌉∇ ⟩∫ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇∅ ⇕ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐G⇔P ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ S ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CO ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∅ C ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ √√⊣∨∫‖∨⊣⌈⌈⌉∇∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ √√⊣∨∫‖∨⊣⌈⌈⌉∇ ≀{ √√⊣∨∫‖∨⊣⌈⌈⌉∇ ⟩∫ ⌋≀⇕√≀\⌉\⊔ √√⊣∨∫‖ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇∅ ⇕ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐G′⇔P′ ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ G⇕ ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ ⌋≀⇕√≀\⌉\⊔∅ {≀∇ ⊣↕↕ ¬ √√⊣∨∫‖ ⊓∫⌉ ⌉\⊔⟩⊔† ⊣∇⟩⊔⟨⇕⌉⊔⟩‖↙√√⊣∨∫‖⇐√√⊣∨∫‖⇒∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⌋≀⇕√≀\⌉\⊔ √√∫⟨↕ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐GI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ GO ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ COUT ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋⇒∅ ⌉\⌈ ⌋≀⇕√≀\⌉\⊔∅ {≀∇ ⊣↕↕ ¬ √√∫⟨↕ ⊓∫⌉ ⌉\⊔⟩⊔† ⊣∇⟩⊔⟨⌉⇕⊔⟩‖↙√√∫⟨↕⇐√√∫⟨↕⇒∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⌋≀⇕√≀\⌉\⊔ √√∫⊓⇕ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐G⇔P ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ S ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ ⌋≀⇕√≀\⌉\⊔∅ {≀∇ ⊣↕↕ ¬ √√∫⊓⇕ ⊓∫⌉ ⌉\⊔⟩⊔† ⊣∇⟩⊔⟨⇕⌉⊔⟩‖↙√√∫⊓⇕⇐√√∫⊓⇕⇒∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ∫⟩}\⊣↕ G⇕⇔G∫ ¬ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ ⌊⌉}⟩\ ∫‖↕⊣\∫‖† ¬ √√⊣∨∫‖ }⌉\⌉∇⟩⌋ ⇕⊣√ ⇐\⇔⇕⇒ √≀∇⊔ ⇕⊣√ ⇐G⇔P⇔G⇕⇒∅ C ℜℑ G⇕∅ ∫⟨↕ ¬ √√∫⟨↕ }⌉\⌉∇⟩⌋ ⇕⊣√ ⇐\⇒ √≀∇⊔ ⇕⊣√ ⇐G⇕⇔CI⇔G∫⇔CO⇒∅ ∫⊓⇕ ¬ √√∫⊓⇕ }⌉\⌉∇⟩⌋ ⇕⊣√ ⇐\⇒ √≀∇⊔ ⇕⊣√ ⇐G∫⇔P⇔S⇒∅ ⌉\⌈ √√⊣∨∫‖∨⊣⌈⌈⌉∇∅

A↙∈ √√⊣ ⌊‖ ⊣⌈⌈⌉∇ ⌉\⊔⟩⊔† √√⊣∨⌊‖∨⊣⌈⌈⌉∇ ⟩∫ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇∅ ⇕ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐G⇔P ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ S ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅

CO ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∅ C ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ √√⊣∨⌊‖∨⊣⌈⌈⌉∇∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ √√⊣∨⌊‖∨⊣⌈⌈⌉∇ ≀{ √√⊣∨⌊‖∨⊣⌈⌈⌉∇ ⟩∫ ⌋≀⇕√≀\⌉\⊔ √√⊣∨⌊‖ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇∅ ⇕ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐G′⇔P′ ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ G⇕ ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ ⌋≀⇕√≀\⌉\⊔∅ {≀∇ ⊣↕↕ ¬ √√⊣∨⌊‖ ⊓∫⌉ ⌉\⊔⟩⊔† ⊣∇⟩⊔⟨⇕⌉⊔⟩‖↙√√⊣∨⌊‖⇐√√⊣∨⌊‖⇒∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⌋≀⇕√≀\⌉\⊔ √√∫⟨↕ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐GI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ GO ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ COUT ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋⇒∅ ⌉\⌈ ⌋≀⇕√≀\⌉\⊔∅ {≀∇ ⊣↕↕ ¬ √√∫⟨↕ ⊓∫⌉ ⌉\⊔⟩⊔† ⊣∇⟩⊔⟨⌉⇕⊔⟩‖↙√√∫⟨↕⇐√√∫⟨↕⇒∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⌋≀⇕√≀\⌉\⊔ √√∫⊓⇕ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐G⇔P ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ S ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ ⌋≀⇕√≀\⌉\⊔∅ {≀∇ ⊣↕↕ ¬ √√∫⊓⇕ ⊓∫⌉ ⌉\⊔⟩⊔† ⊣∇⟩⊔⟨⇕⌉⊔⟩‖↙√√∫⊓⇕⇐√√∫⊓⇕⇒∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ∫⟩}\⊣↕ G⇕⇔G∫ ¬ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ ⌊⌉}⟩\ ⌊∇⌉\⊔∨‖⊓\} ¬ √√⊣∨⌊‖ }⌉\⌉∇⟩⌋ ⇕⊣√ ⇐\⇔⇕⇒ √≀∇⊔ ⇕⊣√ ⇐G⇔P⇔G⇕⇒∅ C ℜℑ G⇕∅ ∫⟨↕ ¬ √√∫⟨↕ }⌉\⌉∇⟩⌋ ⇕⊣√ ⇐\⇒ √≀∇⊔ ⇕⊣√ ⇐G⇕⇔CI⇔G∫⇔CO⇒∅ ∫⊓⇕ ¬ √√∫⊓⇕ }⌉\⌉∇⟩⌋ ⇕⊣√ ⇐\⇒ √≀∇⊔ ⇕⊣√ ⇐G∫⇔P⇔S⇒∅ ⌉\⌈ √√⊣∨⌊‖∨⊣⌈⌈⌉∇∅

A↙∋ √√}√}⌉\ ⌉\⊔⟩⊔† √√}√}⌉\ ⟩∫ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐A⇔B ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ G⇔P ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ √√}√}⌉\∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ √√}√}⌉\ ≀{ √√}√}⌉\ ⟩∫ ⌊⌉}⟩\ ∫∐⊓⊣∇⌉∨⌋⌉↕↕′ ¬ G⇐′⇒ ℜℑ ⇐CI ⊣\⌈ A⇐′⇒⇒ ≀∇ ⇐CI ⊣\⌈ B⇐′⇒⇒ ≀∇ ⇐A⇐′⇒ ⊣\⌈ B⇐′⇒⇒∅ P⇐′⇒ ℜℑ A⇐′⇒ §≀∇ B⇐′⇒∅ ∞△

∫∐⊓⊣∇⌉∨⌋⌉↕↕∫ ¬ {≀∇ ∫⌋ ⟩\ ∞ ⊔≀ \↖∞ }⌉\⌉∇⊣⊔⌉ G⇐∫⌋⇒ ℜℑ A⇐∫⌋⇒ ⊣\⌈ B⇐∫⌋⇒∅ P⇐∫⌋⇒ ℜℑ A⇐∫⌋⇒ §≀∇ B⇐∫⌋⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∫∐⊓⊣∇⌉∨⌋⌉↕↕∫∅ ⌉\⌈ √√}√}⌉\∅

A↙△ √√⊣ ⌊‖ ⌉\⊔⟩⊔† √√⊣∨⌊‖ ⟩∫ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇∅ ⇕ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐G′⇔P′ ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ G⇕ ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ √√⊣∨⌊‖∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ √√⊣∨⌊‖ ≀{ √√⊣∨⌊‖ ⟩∫ ∫⟩}\⊣↕ G⇔P ¬ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐′ ⊔≀ ⇐∈⇑⇕⇒⇑\ ↖ ∞⇒∅ ⌊⌉}⟩\ ⟩\√⊓⊔¬ {≀∇ ⟩ ⟩\ ′ ⊔≀ \↖∞ }⌉\⌉∇⊣⊔⌉ P⇐⟩⇒ ℜℑ P′⇐⟩⇒∅ G⇐⟩⇒ ℜℑ G′⇐⟩⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⟩\√⊓⊔∅ ∫⊔⊣}⌉∨∫⌋⟨⌉⇕⌉∞¬ {≀∇ ∫⊔ ⟩\ ∞ ⊔≀ ⇕ }⌉\⌉∇⊣⊔⌉ }∇≀⊓√¬ {≀∇ }∇ ⟩\ ′ ⊔≀ ∈⇑⇑⇐⇕↖∫⊔⇒ ↖ ∞ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∫¬ {≀∇ ⊒ ⟩\ ′ ⊔≀ ∈⇑⇑∫⊔ ↖ ∈ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕¬ ⟩{ }∇⇑∈⇑⇑∫⊔ ⇓ ⊒ ℜ \ }⌉\⌉∇⊣⊔⌉ G⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⊒⇒ ℜℑ G⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⊒⇒∅ P⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⊒⇒ ℜℑ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⊒⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∫∅ ⌋≀↕≀∇⌉⌈∨⌋⌉↕↕∫¬ ⟩{ }∇⇑∈⇑⇑∫⊔ ⇓ ∈⇑⇑∫⊔ ↖ ∞ ℜ \ }⌉\⌉∇⊣⊔⌉ }∇⌉†∨≀∇∨⌊↕⊣⌋‖∨⌋⌉↕↕¬ G⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ∈⇑⇑∫⊔ ↖ ∞⇒ ℜℑ G⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ∈⇑⇑∫⊔ ↖ ∞⇒ ≀∇ ⇐P⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ∈⇑⇑∫⊔ ↖ ∞⇒ ⊣\⌈ G⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ∈⇑⇑⇐∫⊔↖∞⇒ ↖ ∞⇒⇒∅ }∇⌉†∨⌋⌉↕↕¬ ⟩{ }∇ ℑ ′ }⌉\⌉∇⊣⊔⌉ P⇐∫⊔⇑\ ⇓ ∈⇑⇑∫⊔ ↖ ∞⇒ ℜℑ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ ∈⇑⇑∫⊔ ↖ ∞⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ }∇⌉†∨⌋⌉↕↕∅ ⌊↕⊣⌋‖∨⌋⌉↕↕¬ ⟩{ }∇ ⊤ ′ }⌉\⌉∇⊣⊔⌉ P⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ∈⇑⇑∫⊔ ↖ ∞⇒ ℜℑ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ∈⇑⇑∫⊔ ↖ ∞⇒ ⊣\⌈ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ∈⇑⇑⇐∫⊔↖∞⇒ ↖ ∞⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⌊↕⊣⌋‖∨⌋⌉↕↕∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⌋≀↕≀∇⌉⌈∨⌋⌉↕↕∫∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ }∇≀⊓√∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∫⊔⊣}⌉∨∫⌋⟨⌉⇕⌉∞∅ ∫⊔⊣}⌉∨∫⌋⟨⌉⇕⌉∈¬ {≀∇ ∫⊔ ⟩\ ⇕⇓∞ ⊔≀ ∈⇑⇕ ↖ ∞ }⌉\⌉∇⊣⊔⌉ }∇≀⊓√¬ {≀∇ }∇ ⟩\ ′ ⊔≀ ∈⇑⇑⇐∫⊔ ↖ ⇕⇒ ↖ ∞ }⌉\⌉∇⊣⊔⌉ }∇≀⊓√′¬ ⟩{ }∇ ℑ ′ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∫∞¬ {≀∇ ⊒ ⟩\ ∞ ⊔≀ ∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ↖ ∞ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕¬ ⟩{ ⊒ ↖ ∞ ℜ \ }⌉\⌉∇⊣⊔⌉ G⇐∫⊔⇑\ ⇓ ⊒ ↖ ∞⇒ ℜℑ G⇐⇐∫⊔↖∞⇒⇑\ ⇓ ⊒ ↖ ∞⇒∅ P⇐∫⊔⇑\ ⇓ ⊒ ↖ ∞⇒ ℜℑ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ ⊒ ↖ ∞⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∫∈∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ }∇≀⊓√′∅ ≀⊔⟨⌉∇∨}∇≀⊓√∫¬ ⟩{ }∇ ⊤ ′ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∫∈¬ {≀∇ ⊒ ⟩\ ′ ⊔≀ ∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔ ↖ ∞⇒ ↖ ∞ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∈¬ ⟩{ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ⊒ ↖ ∞ ℜ \ }⌉\⌉∇⊣⊔⌉ G⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ⊒ ↖ ∞⇒ ℜℑ G⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ⊒ ↖ ∞⇒∅ P⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ⊒ ↖ ∞⇒ ℜℑ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ⊒ ↖ ∞⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∈∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∫∈∅ }∇⌉†∨⌋⌉↕↕¬

⟩{ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔ ↖ ∞⇒ ↖ ∞ ℜ \ }⌉\⌉∇⊣⊔⌉ G⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔ ↖ ∞⇒ ↖ ∞⇒ ℜℑ G⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔ ↖ ∞⇒ ↖ ∞⇒ ≀∇ ⇐P⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔ ↖ ∞⇒ ↖ ∞⇒ ⊣\⌈ G⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ↖ ∞⇒⇒∅ P⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔ ↖ ∞⇒ ↖ ∞⇒ ℜℑ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔ ↖ ∞⇒ ↖ ∞⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ }∇⌉†∨⌋⌉↕↕∅ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∫¬ {≀∇ ⊒ ⟩\ ∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔ ↖ ∞⇒ ⇓ ∞ ⊔≀ ∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕¬ ⟩{ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ⊒ ↖ ∞ ℜ \ }⌉\⌉∇⊣⊔⌉ G⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ⊒ ↖ ∞⇒ ℜℑ G⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ⊒ ↖ ∞⇒∅ P⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ⊒ ↖ ∞⇒ ℜℑ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑⇐∈⇑⇕ ↖ ∫⊔⇒ ⇓ ⊒ ↖ ∞⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∫∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ≀⊔⟨⌉∇∨}∇≀⊓√∫∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ }∇≀⊓√∅ ⇕∫⌊¬ ⟩{ ∈⇑⇑⇕ ℑ \ }⌉\⌉∇⊣⊔⌉ G⇐∫⊔⇑\ ⇓ \ ↖ ∞⇒ ℜℑ G⇐⇐∫⊔↖∞⇒⇑\ ⇓ \ ↖ ∞⇒∅ P⇐∫⊔⇑\ ⇓ \ ↖ ∞⇒ ℜℑ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ \ ↖ ∞⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⇕∫⌊∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∫⊔⊣}⌉∨∫⌋⟨⌉⇕⌉∈∅ ≀⊓⊔√⊓⊔¬ {≀∇ ≀ ⟩\ ′ ⊔≀ \↖∞ }⌉\⌉∇⊣⊔⌉ G⇕⇐≀⇒ ℜℑ G⇐\⇑⇐∈⇑⇕↖∞⇒ ⇓ ≀⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ≀⊓⊔√⊓⊔∅ ⌉\⌈ √√⊣∨⌊‖∅

A↙▽ √√⊣ ∫‖ ⌉\⊔⟩⊔† √√⊣∨∫‖ ⟩∫ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇∅ ⇕ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐G′⇔P′ ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ G⇕ ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ √√⊣∨∫‖∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ √√⊣∨∫‖ ≀{ √√⊣∨∫‖ ⟩∫ ∫⟩}\⊣↕ G⇔P ¬ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐′ ⊔≀ ⇐⇕⇓∞⇒⇑\ ↖ ∞⇒∅ ⌊⌉}⟩\ ⟩\√⊓⊔¬ {≀∇ ⟩ ⟩\ ′ ⊔≀ \↖∞ }⌉\⌉∇⊣⊔⌉ P⇐⟩⇒ ℜℑ P′⇐⟩⇒∅ G⇐⟩⇒ ℜℑ G′⇐⟩⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⟩\√⊓⊔∅ ∫⊔⊣}⌉¬ {≀∇ ∫⊔ ⟩\ ∞ ⊔≀ ⇕ }⌉\⌉∇⊣⊔⌉ }∇≀⊓√¬ {≀∇ }∇ ⟩\ ′ ⊔≀ ∈⇑⇑⇐⇕↖∫⊔⇒ ↖ ∞ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∫¬ {≀∇ ⊒ ⟩\ ′ ⊔≀ ∈⇑⇑⇐∫⊔↖∞⇒ ↖ ∞ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕¬ ⟩{ }∇⇑∈⇑⇑∫⊔ ⇓ ⊒ ℜ \ }⌉\⌉∇⊣⊔⌉ G⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⊒⇒ ℜℑ G⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⊒⇒∅ P⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⊒⇒ ℜℑ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⊒⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⊒⟨⟩⊔⌉∨⌋⌉↕↕∫∅ ⌋≀↕≀∇⌉⌈∨⌋⌉↕↕∫¬ {≀∇ ⌋ ⟩\ ∈⇑⇑⇐∫⊔↖∞⇒ ⊔≀ ∈⇑⇑∫⊔ ↖ ∞ }⌉\⌉∇⊣⊔⌉ ⌋≀↕≀∇⌉⌈∨⌋⌉↕↕¬ ⟩{ }∇⇑∈⇑⇑∫⊔ ⇓ ⌋ ℜ \ }⌉\⌉∇⊣⊔⌉ }∇⌉†∨≀∇∨⌊↕⊣⌋‖∨⌋⌉↕↕¬ G⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⌋⇒ ℜℑ G⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⌋⇒ ≀∇ ⇐P⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⌋⇒ ⊣\⌈ G⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ∈⇑⇑⇐∫⊔↖∞⇒ ↖ ∞⇒⇒∅ }∇⌉†∨⌋⌉↕↕¬ ⟩{ }∇ ℑ ′ }⌉\⌉∇⊣⊔⌉ P⇐∫⊔⇑\ ⇓ ⌋⇒ ℜℑ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ ⌋⇒∅ ∞▽

⌉\⌈ }⌉\⌉∇⊣⊔⌉ }∇⌉†∨⌋⌉↕↕∅ ⌊↕⊣⌋‖∨⌋⌉↕↕¬ ⟩{ }∇ ⊤ ′ }⌉\⌉∇⊣⊔⌉ P⇐∫⊔⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⌋⇒ ℜℑ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ⌋⇒ ⊣\⌈ P⇐⇐∫⊔↖∞⇒⇑\ ⇓ }∇⇑∈⇑⇑∫⊔ ⇓ ∈⇑⇑⇐∫⊔↖∞⇒ ↖ ∞⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⌊↕⊣⌋‖∨⌋⌉↕↕∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⌋≀↕≀∇⌉⌈∨⌋⌉↕↕∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ⌋≀↕≀∇⌉⌈∨⌋⌉↕↕∫∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ }∇≀⊓√∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∫⊔⊣}⌉∅ ≀⊓⊔√⊓⊔¬ {≀∇ ≀ ⟩\ ′ ⊔≀ \↖∞ }⌉\⌉∇⊣⊔⌉ G⇕⇐≀⇒ ℜℑ G⇐\⇑⇕ ⇓ ≀⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ≀⊓⊔√⊓⊔∅ ⌉\⌈ √√⊣∨∫‖∅ A↙ ̸√√∫⟨↕ ⌉\⊔⟩⊔† √√∫⟨↕ ⟩∫ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐GI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ GO ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ COUT ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋⇒∅ ⌉\⌈ √√∫⟨↕∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ √√∫⟨↕ ≀{ √√∫⟨↕ ⟩∫ ⌊⌉}⟩\ ⇕∫⌊ ¬ COUT ℜℑ GI⇐\↖∞⇒∅ ∫⟨↕ ¬ {≀∇ ∫ ⟩\ \↖∞ ⌈≀⊒\⊔≀ ∞ }⌉\⌉∇⊣⊔⌉ GO⇐∫⇒ ℜℑ GI⇐∫↖∞⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∫⟨↕∅ ↕∫⌊ ¬ GO⇐′⇒ ℜℑ CI∅ ⌉\⌈ √√∫⟨↕∅

A↙ √√∫⊓⇕ ⌉\⊔⟩⊔† √√∫⊓⇕ ⟩∫ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐G⇔P ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ S ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ √√∫⊓⇕∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ √√∫⊓⇕ ≀{ √√∫⊓⇕ ⟩∫ ⌊⌉}⟩\ ∫⊓⇕ ¬ {≀∇ ∫⊓ ⟩\ \↖∞ ⌈≀⊒\⊔≀ ′ }⌉\⌉∇⊣⊔⌉ S⇐∫⊓⇒ ℜℑ G⇐∫⊓⇒ §≀∇ P⇐∫⊓⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∫⊓⇕∅ ⌉\⌈ √√∫⊓⇕∅ A↙∀ {⊣⌋′ ⌉\⊔⟩⊔† {⊣⌋′ ⟩∫ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐A⇔B⇔P ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ E ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋⇒∅ ⌉\⌈ {⊣⌋′∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ {⊣⌋′ ≀{ {⊣⌋′ ⟩∫ {⊓\⌋⊔⟩≀\ R⌉⌈⊓⌋⌉A\⌈ ⇐INPUT¬ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇒ ∇⌉⊔⊓∇\ S⊔⌈∨L≀}⟩⌋ ⟩∫ ⊑⊣∇⟩⊣⌊↕⌉ RESULT ¬ S⊔⌈∨L≀}⟩⌋∅ ⌊⌉}⟩\ ↖↖ ⌉⊑⊣↕⊓⊣⊔⌉ ↕≀}⟩⌋⊣↕ {⊓\⌋⊔⟩≀\ RESULT ¬ℑ ≃∞≃∅ {≀∇ J ⟩\ INPUT≃∇⊣\}⌉ ↕≀≀√ RESULT ¬ℑ INPUT⇐J⇒ ⊣\⌈ RESULT∅ ⌉§⟩⊔ ⊒⟨⌉\ RESULT ℑ ≃′≃∅

⌉\⌈ ↕≀≀√∅ ∇⌉⊔⊓∇\ RESULT∅ ⌉\⌈∅ ∫⟩}\⊣↕ V⇔Z ¬ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ ⌊⌉}⟩\ ∇⌉∐⊓⟩∇⌉⌈∨⌋⊣∇∇†¬ {≀∇ ∇ ⟩\ ′ ⊔≀ \↖∈ }⌉\⌉∇⊣⊔⌉ V⇐∇⇒ ℜℑ A⇐∇⇒ ≀∇ B⇐∇⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ∇⌉∐⊓⟩∇⌉⌈∨⌋⊣∇∇†∅ ‡⌉∇≀′¬ Z⇐′⇒ ℜℑ \≀⊔ ⇐P⇐′⇒ §≀∇ CI⇒∅ ‡⌉∇≀¬ {≀∇ ‡⌉ ⟩\ ∞ ⊔≀ \↖∞ }⌉\⌉∇⊣⊔⌉ Z⇐‡⌉⇒ ℜℑ \≀⊔ ⇐V⇐‡⌉↖∞⇒ §≀∇ P⇐‡⌉⇒⇒∅ ⌉\⌈ }⌉\⌉∇⊣⊔⌉ ‡⌉∅ E ℜℑ R⌉⌈⊓⌋⌉A\⌈⇐Z⇒∅ ⌉\⌈ {⊣⌋′∅

B E§⊣⇕√↕⌉∫ B↙∞ ⊣⌈⌈ ⌊‖∋∈ ⌋ ↕⟩⌊∇⊣∇† IEEE∅ ⊓∫⌉ IEEE↙STD∨LOGIC∨∞∞△̸↙ALL∅ ↕⟩⌊∇⊣∇† COMPASS∨LIB∅ ⊓∫⌉ COMPASS∨LIB↙COMPASS↙ALL∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⌉\⊔⟩⊔† ⊣⌈⌈∨⌊‖∋∈∨⌋ ⟩∫ √≀∇⊔⇐A⇔B ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐∋∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ S ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐∋∞ ⌈≀⊒\⊔≀ ′⇒∅ CO ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋⇒∅ ⌉\⌈ ⊣⌈⌈∨⌊‖∋∈∨⌋∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ⊣⌈⌈∨⌊‖∋∈∨⌋ ≀{ ⊣⌈⌈∨⌊‖∋∈∨⌋ ⟩∫ ⌋≀⇕√≀\⌉\⊔ √√}√}⌉\ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐A⇔B ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ G⇔P ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ ⌋≀⇕√≀\⌉\⊔∅ {≀∇ ⊣↕↕ ¬ √√}√}⌉\ ⊓∫⌉ ⌉\⊔⟩⊔† ⊣∇⟩⊔⟨⇕⌉⊔⟩‖↙√√}√}⌉\⇐√√}√}⌉\⇒∅ ⌋≀⇕√≀\⌉\⊔ √√⊣∨⌊‖∨⊣⌈⌈⌉∇ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇∅ ⇕ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐G⇔P ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ S ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CO ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∅ C ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ ⌋≀⇕√≀\⌉\⊔∅ {≀∇ ⊣↕↕ ¬ √√⊣∨⌊‖∨⊣⌈⌈⌉∇ ⊓∫⌉ ⌉\⊔⟩⊔† ⊣∇⟩⊔⟨⇕⌉⊔⟩‖↙√√⊣∨⌊‖∨⊣⌈⌈⌉∇⇐√√⊣∨⌊‖∨⊣⌈⌈⌉∇⇒∅ ∫⟩}\⊣↕ G⇔P⇔BB⇔SS⇔C ¬ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐∋∞ ⌈≀⊒\⊔≀ ′⇒∅ ⌊⌉}⟩\ BB ℜℑ B∅ √∇⌉√∇≀⌋⌉∫∫⟩\}¬ √√}√}⌉\ }⌉\⌉∇⟩⌋ ⇕⊣√⇐∋∈⇒ √≀∇⊔ ⇕⊣√⇐A⇔BB⇔CI⇔G⇔P⇒∅ ⌊‖¬ √√⊣∨⌊‖∨⊣⌈⌈⌉∇ }⌉\⌉∇⟩⌋ ⇕⊣√ ⇐∋∈⇔▽⇒ √≀∇⊔ ⇕⊣√ ⇐G⇔P⇔CI⇔SS⇔CO⇔C⇒∅ S ℜℑ SS∅ ⌉\⌈ ⊣⌈⌈∨⌊‖∋∈∨⌋∅ ∞

B↙∈ ⊣⌈⌈∫⊓⌊ ∫‖∀ ⌋⊑‡\↕ ↕⟩⌊∇⊣∇† IEEE∅ ⊓∫⌉ IEEE↙STD∨LOGIC∨∞∞△̸↙ALL∅ ↕⟩⌊∇⊣∇† COMPASS∨LIB∅ ⊓∫⌉ COMPASS∨LIB↙COMPASS↙ALL∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⌉\⊔⟩⊔† ⊣⌈⌈∫⊓⌊∨∫‖∀∨⌋⊑‡\↕ ⟩∫ √≀∇⊔⇐A⇔B ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ SUB ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ S ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐ ⌈≀⊒\⊔≀ ′⇒∅ N ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∅ Z ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∅ V ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∅ LT ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∅ CO ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋⇒∅ ⌉\⌈ ⊣⌈⌈∫⊓⌊∨∫‖∀∨⌋⊑‡\↕∅ ↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖↖ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ⊣⌈⌈∫⊓⌊∨∫‖∀∨⌋⊑‡\↕ ≀{ ⊣⌈⌈∫⊓⌊∨∫‖∀∨⌋⊑‡\↕ ⟩∫ ⌋≀⇕√≀\⌉\⊔ √√}√}⌉\ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐A⇔B ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ G⇔P ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ ⌋≀⇕√≀\⌉\⊔∅ {≀∇ ⊣↕↕ ¬ √√}√}⌉\ ⊓∫⌉ ⌉\⊔⟩⊔† ⊣∇⟩⊔⟨⇕⌉⊔⟩‖↙√√}√}⌉\⇐√√}√}⌉\⇒∅ ⌋≀⇕√≀\⌉\⊔ √√⊣∨∫‖∨⊣⌈⌈⌉∇ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇∅ ⇕ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐G⇔P ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ S ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CO ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∅ C ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒⇒∅ ⌉\⌈ ⌋≀⇕√≀\⌉\⊔∅ {≀∇ ⊣↕↕ ¬ √√⊣∨∫‖∨⊣⌈⌈⌉∇ ⊓∫⌉ ⌉\⊔⟩⊔† ⊣∇⟩⊔⟨⇕⌉⊔⟩‖↙√√⊣∨∫‖∨⊣⌈⌈⌉∇⇐√√⊣∨∫‖∨⊣⌈⌈⌉∇⇒∅ ⌋≀⇕√≀\⌉\⊔ {⊣⌋′ }⌉\⌉∇⟩⌋ ⇐\ ¬ ⟩\⊔⌉}⌉∇⇒∅ √≀∇⊔ ⇐A⇔B⇔P ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐\↖∞ ⌈≀⊒\⊔≀ ′⇒∅ CI ¬ ⟩\ S⊔⌈∨L≀}⟩⌋∅ E ¬ ≀⊓⊔ S⊔⌈∨L≀}⟩⌋⇒∅ ⌉\⌈ ⌋≀⇕√≀\⌉\⊔∅ {≀∇ ⊣↕↕ ¬ {⊣⌋′ ⊓∫⌉ ⌉\⊔⟩⊔† ⊣∇⟩⊔⟨⇕⌉⊔⟩‖↙{⊣⌋′⇐{⊣⌋′⇒∅ ∫⟩}\⊣↕ NN ¬ S⊔⌈∨L≀}⟩⌋∅ ∫⟩}\⊣↕ VV ¬ S⊔⌈∨L≀}⟩⌋∅ ∫⟩}\⊣↕ G⇔P⇔BB⇔SS⇔C ¬ S⊔⌈∨L≀}⟩⌋∨V⌉⌋⊔≀∇⇐ ⌈≀⊒\⊔≀ ′⇒∅ ⌊⌉}⟩\ √∇≀⌋⌉∫∫⇐B⇔SUB⇒ ⌊⌉}⟩\ ⟩{ SUB ℑ ≃′≃ ⊔⟨⌉\ BB ℜℑ B∅ ⌉↕∫⌉ BB ℜℑ \≀⊔ B∅ ⌉\⌈ ⟩{∅ ⌉\⌈ √∇≀⌋⌉∫∫∅ √∇⌉√∇≀⌋⌉∫∫⟩\}¬ √√}√}⌉\ }⌉\⌉∇⟩⌋ ⇕⊣√⇐∀⇒ √≀∇⊔ ⇕⊣√⇐A⇔BB⇔CI⇔G⇔P⇒∅ ∫‖¬ √√⊣∨∫‖∨⊣⌈⌈⌉∇ }⌉\⌉∇⟩⌋ ⇕⊣√ ⇐∀⇔∋⇒ √≀∇⊔ ⇕⊣√ ⇐G⇔P⇔CI⇔SS⇔CO⇔C⇒∅ ‡⌉∇≀¬ {⊣⌋′ }⌉\⌉∇⟩⌋ ⇕⊣√⇐∀⇒

√≀∇⊔ ⇕⊣√ ⇐A⇔BB⇔P⇔CI⇔Z⇒∅ S ℜℑ SS∅ VV ℜℑ C⇐⇒ §≀∇ C⇐↖∞⇒∅ V ℜℑ VV∅ NN ℜℑ SS⇐⇒∅ N ℜℑ NN∅ LT ℜℑ NN §≀∇ VV∅ ⌉\⌈ ⊣⌈⌈∫⊓⌊∨∫‖∀∨⌋⊑‡\↕∅

∞